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1 Introduction 14

The Kuznetsov—Muravitsky logic KM is among the most curious and intriguing sys- 15
tems of Intuitionistic Modal Logic. It was introduced by Kuznetsov and Muravitsky 16
in [19, 20]. One of the main motivations for studying this system was its connection 17
to the modal provability logic GL. According to Kuznetsov (see [30]), understanding 18
a logical system amounts to understanding the behavior of this system and its 19
“neighbors”—that is, the extensions of this logic. From this point of view, the 20
true intuitionistic counterpart of the system GL is the system whose lattice of 2
normal extensions is isomorphic to the lattice of normal extensions of GL. The 22
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Kuznetsov—Muravitsky system precisely satisfies this condition. It was proved in
[22, 28, 29] that the lattice of normal extensions of GL is isomorphic to the lattice
of normal extensions of KM. Following Esakia [13], we will refer to this result as the
Kuznetsov—Muravitsky isomorphism.

We refer to [30] and [25] for a comprehensive history and overview of the
system KM. Here, we would like to highlight one additional illuminating result
concerning KM, commonly known as Kuznetsov’s theorem: adding the KM axioms
to any superintuitionistic logic yields a conservative extension of that logic. In
algebraic terms, every variety of Heyting algebras is generated by the Heyting
reducts of KM-algebras. This result was first announced by Kuznetsov in [21].
Kuznetsov’s original proof was proof-theoretic in nature and a bit sketchy. It was
later reproduced and expanded by Muravitsky [32]. More recently, Jibladze and
E. Kuznetsov [16] provided a purely algebraic proof of this result.

In this paper,! we concentrate on the Kuznetsov—Muravitsky isomorphism, on
a related isomorphism between the lattice of normal extensions of the modalized
Heyting Calculus and of the modal logic K4.Grz, and the corresponding preservation
results. Our contribution consists in giving novel proofs of these known results.

Recently, a new proof of the lattice isomorphism between superintuitionistic
logics and normal extensions of the modal logic Grz—known as the Blok-Esakia
ismorphism—was given by the authors of this paper in [4]. The method is based
on stable canonical formulas and rules [2, 3] and makes use of the duality
between modal, Heyting, and frontal Heyting algebras on the one hand, and the
corresponding order-topological structures on the other. Using this technique, a
new dual proof of the Blok—Esakia isomorphism between superintuitionistic logics
and the normal extensions of the modal logic Grz was obtained in [4]. The other
existing proofs are due to Blok [6] (see also [33]), Esakia (which has never been
published), and Zakharyaschev (see, e.g., [11, Section 9.6]). Our approach was also
generalized to a new proof of a lattice isomorphism between bi-superintuitionistic
logics and of normal extensions of tense-Grz (originally proved by Wolter [35]).
Furthermore, the technique was also extended to a new proof of the Kuznetsov—
Muravitsky isomorphism [4]. Note that for this, one only needs a theory of stable
canonical rules over the modal system K4.

In the present paper we revise this method by introducing the apparatus of pre-
stable canonical rules for KM and GL. This refinement allows us to obtain new
proofs of the preservation results (which was not achieved in [4]), since it requires
a theory of algebra-based rules for both KM and GL. To develop these, we revisit
constructions related to filtration for KM and GL used in [10] and [7], and related,
in the KM case, to a construction of Muravitsky [27]. We call these constructions
pre-filtrations, and the resulting rules pre-stable canonical rules. Equipped with
this technique, we revisit the proof strategy of [4] to obtain an alternative proof
of the Kuznetsov—Muravitsky isomorphism, and of an isomorphism between the
lattice that of normal extensions of the modalized Heyting Calculus and that of the

! This paper is partially based on the second-named author’s Master’s thesis [12].
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modal system K4.Grz. The latter result was first announced by Esakia [13] and later
proved by Litak [25] and Muravitsky [31] using different approaches. We will refer
to it as an Esakia theorem. We then prove some preservation results concerning the
Kuznetsov—Muravitsky isomorphism, extending proof strategies from [4] that take
full advantage of pre-stable canonical rules for K.

With this paper we hope to provide a new perspective on the Kuznetsov—
Muravitsky system KM. We are honored and extremely happy to be able to contribute
this work to the volume dedicated to Professor Kuznetsov’s memory. The impact
of Kuznetsov’s work on many areas of mathematical logic is difficult to overstate.
We hope that the technique of pre-stable canonical rules for KM, together with the
isomorphism and preservation proofs, will serve as another stepping stone toward
understanding this beautiful and deeply intriguing system of intuitionistic modal
logic.

2 Preliminaries

2.1 Rule Systems

Throughout the paper we fix a countably infinite set of propositional variables
Prop. The set Frmygj,, of superintuitionistic modal formulae is defined recursively
as follows:

pu=plL|TloreleVele— ¢|Ke,

where p € Prop. The set of Frmyy, classical modal formulae is defined recursively
as follows:

pui=plL|TloAe|—e|Up,

where, again, p € Prop. We abbreviate the classical connectives — and V in the
usual way.

For © € {sim, clm}, the set Ruly of O-rules is defined as the set of all ordered
pairs (I', A) such that I', A are finite subsets of Frme. We adopt the convention of
writing I'/ A for the rule (I", A). Intuitively, a rule I'/ A says that if all the formulae
in I" hold, then at least one of the formulae in A holds.

For © € {sim, clm}, a O-rule system is defined as a set S of O-rules satisfying the
following conditions:

1. If I'/A € S, then s[I"]/s[A] € S for all substitutions s (structurality);

2. ¢/ € S for every O-formula ¢ (reflexivity);

3.If /A € S, then T'; T'/A; A’ € S for all finite sets of O-formulae T/, A’
(monotonicity);

4. fT/A;p e SandT'; ¢/A € S, then I'/A € S (cut);

5. ¢, 9 — Y/¢ € S for all O-formulae ¢, ¥ (modus ponens);
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6. ¢/Ogp for every O-formula ¢, where © =X if O = simand © = U if O = clm
(necessitation).

Here by a substitution we mean a function s : Prop — Frmo that commutes with
all the primitive connectives of Frmo.

If S is a set of Q-rule systems and X, E are sets of Q-rules, we write E s X
for the least Q-rule system in S, if it exists, extending both E and X. Likewise, we
write E @s X for the greatest O-rule system in S, if it exists, contained in both
E and . When S is clear from context, we write simply @ and ® instead of ®g
and ®g. If S is a O-rule system, we write NExt(S) for the set of all O-rule systems
extending S.

The set of all Q-rule systems forms a complete lattice under the operations & and
®; the meet ® in fact coincides with intersection. Given two O-rule systems S, S’
and a set of QO-rules B, we say that E axiomatizes S over S’ when S’ @ E = S, where
the join is that of the lattice of all O-rule systems. We say simply that E axiomatizes
S when E axiomatizes S over the least O-rule system.

A Q-logic is a O-rule system axiomatized by a set of assumption free, single-
conclusion rules—that is, by a set of rules of the form /¢ for some ©-formula
@. Logics in this sense correspond one-to-one with logics conceived of as sets
of formulae closed under appropriate conditions, which is the most common
conception of logics in the literature. Indeed, when L is a logic in the latter sense,
the rule system (in the appropriate signature) axiomatized by all rules /¢ for ¢ € L
is a logic in our sense.

If S is a set of O-rule systems and L, L are O-logics, we write LUgL  and LMgL/,
respectively, for the least O-logic in S extending both L and L” and for the greatest
Q-logic in S contained in both L and L', provided they exist. As before, we omit
subscripts when they can be inferred from context. It turns out that LUis and Mg are
always well defined when S is the set of all O-rule systems, as are their infinitary
versions. Thus the set of all O-logics carries a complete lattice. If L is a O-logic, we
write NExtL(L) for the lattice of all O-logics extending L.

It is easy to see that, over the set of all Q-rule systems, the join L @ L’ of two
O-logics is always a Q-logic. Thus U coincides with @. However, L ® L’ may not
be a logic. It will be useful to give a characterization of 11 in terms of ®. If Sis a
Q-rule system, let Taut(S) be the logic axiomatized by all rules of the form /¢ such
that /¢ € S.

Proposition 2.1 The identity
M{L;:i eI} =Taut(Q{L; :i € I})

holds for any set of O-logics {L; :i € I}.

For a proof, see [4, Prop. 1.3].

The main rule systems of interest in this paper are the following. On the sim side,
the system mHC (the modalized Heyting calculus) is defined as the least sim-rule
system containing /¢ whenever ¢ is a theorem of the intuitionistic propositional
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calculus, as well as the rules

/®(p = q) > ®p — Hg),
/p — Kp,
/®p — (g V(g — p)).

Among systems in NExt(mHC), the system KM (the Kuznetsov-Muravitsky rule
system) is of particular interest. It is defined as the least rule system in NExt(mHC)
containing the Godel-Lob rule:

/™p — p) = p.

We refer to [13, 30] for more infromation about mHC and KM.

Now to the clm-rule systems. The weakest such system we consider is the system
K4, defined as the least c/m-rule system containing /¢ whenever ¢ is valid in all
transitive Kripke frames. Next, the system K4.Grz is axiomatized over K4 by the
Grzegorczyk rule

/O0(p — Up) — p)— Up.

And finally, we have the system GL, which is axiomatized over K4 by adding the
classical version of the Godel-Lob rule:

/0p — p) — Up.

We note that K4.Grz the is non-reflexive counterpart of Grz. We refer to [13] for
more details on K4.Grz.

2.2 Algebras

We recall that a Heyting algebra is a tuple  := (H, A, vV, —, 0, 1) whose —-free
reduct is a bounded distributive lattice and the equivalence

c<a—>b & anc<b
holds for each a,b,c € H. A frontal Heyting algebra is a structure $ :=
(H, A, Vv, —, K, 0, 1) whose X-free reduct is a Heyting algebra and X satisfies the

following equalities and inequalities for alla, b € H:

K1l=1,
X(a A b) = Ka A Kb,
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a < Xa,
Ra <bv (b— a).
A frontal Heyting algebra is called a fronton if, in addition, the identity 158

X®a —a) <a

holds for all @« € H. We refer to [9, 13] for more infromation on these structures. We 159
write fHA and Frt for the classes of all frontal Heyting algebras and of all frontons 160

respectively. 161
On the classical side, a modal algebra is a tuple M := (M, A, —, 1, 0, 1) whose 162
UO-free reduct is a Boolean algebra and the identities 163
01 =1, O(a Ab) =0a AUb
hold for all a, b € M. A modal algebra is called 164
e A K4-algebra when it satisfies the inequality 165
Oa < O0a;
* A K4.Grz-algebra when, in addition to the above, it satisfies the inequality 166

O (@ — Oa) — a) < a;
* A Magari algebra when, in addition to the above, it satisfies the inequality 167
U(a — a) < Ua.

We write K4, K4.Grz and Mag for the classes of all modal algebras, of all K4- 4gg
algebras, of all K4.Grz-algebras, and of all Magari algebras respectively. 170

A universal class is a class of algebras in the same signature closed under 171
isomorphic copies, subalgebras and ultraproducts. A variety is a universal class 172
which, in addition, is closed under homomorphisms and direct products. When ¢/ is 173
a class of algebras in the same signature, we write Uni({/) and Var(lf), respectively, 174
for the sets of universal classes and of varieties contained in ¢/. We note that both 175
sets form complete lattices, where the meets coincide with intersection. 176

The algebras just introduced can be used to give sound and complete semantics 177
for sim- and clm-rule systems. When 2 is an algebra, a valuation is any mapping 178
V : Frmo — A that commutes with all primitive connectives of Frme, where 179
Q© = sim if A is a frontal Heyting algebra and O = clm if A is a modal algebra. 180
An algebra equipped with a valuation is called a model. We say that a model (U, V) 181
satisfies a rule I'/ A when the following holds: if V(y) = 1 for all y € T, then 182
V(8) = 1 for some § € A. We notate thisas A, V |=T"/A. Arule ['/A is valid on 183
a v-algebra A when A, V |= I'/ A holds for all valuations V on A. When this holds 184
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we write A = I'/A, otherwise we write A = I'/A and say that U refutes I'/ A. We 185
can extend this notion of validity to classes of v-algebras in the obvious way; we 186
use similar notation in this case. 187

For © € {sim, cIm}, when S is a O-rule system, we write Alg(S) for the class of 1ss
all algebras of the appropriate kind (frontal Heyting for © = sim, modal otherwise) 189
that validate every I'/A € S. Conversely, if U/ is a class of frontal Heyting or modal 190
algebras, we let ThR(/) be the set of all O-rules that are valid in every member of 191
U, with O = sim if U is a class of frontal Heyting algebras, O = clm otherwise. By 192
Birkhoff’s theorem (see, e.g., [8]), Alg(S) is always a universal class, and indeed a 193
variety when S is a logic. Conversely, ThR(/) is always a rule system, and indeed 194
a logic when U is a variety. 195

Theorem 2.2 The following pairs of mappings are complete dual lattice isomor- 19

phisms: 197
1. Alg : NExt(mHC) — Uni(fHA) and ThR : Uni(fHA) — NExt(mHC); 198
2. Alg : NExt(K4) — Uni(K4) and ThR : Uni(K4) — NExt(K4); 199
3. Alg : NExtL(mHC) — Var(fHA) and ThR : Var(fHA) — NExtL(mHC), 200
4. Alg : NExtL(K4) — Var(K4) and ThR : Var(K4) — NExtL(K4). 201
Proof For Items 2 and 4, see [15, Thm. 2.2] and [11, Thm. 7.56]. Item 3 follows

from [37, Prop. 1], and the proof of Item 1 is a routine generalization. m]

Corollary 2.3 Every sim-rule system (resp. clm-rule system) is complete with 202
respect to a universal class of frontal Heyting algebras (resp. modal algebras). 203
Likewise, every sim-logic (resp. clm-logic) is complete with respect to a variety of 204
frontal Heyting algebras (resp. modal algebras). 205

It should be apparent that Frt = Alg(KM), since a frontal Heyting algebra $ 206
satisfies the inequality Ma — a < a iff it validates the rule /(Xp — p) — p.Itis 207
likewise apparent that K4 = Alg(K4), K4.Grz = Alg(K4.Grz) and Mag = Alg(GL). 208

2.3 Spaces and Kripke Frames 209

We will also interpret rule systems over expansions of Stone spaces and over Kripke 210
frames. When X is a set and U C X, we write X \ U for the complement of U 211
in X. If X is clear from context, we write — U instead of X \ U. Given a binary 212
relation < on a set X, for any U C X we define 213

<U :={xeX:y=<xforsomeye U},
U<U  ={xeX:x <yforsomey e U}.

In the case where U = {x} we write {}<x and | <x instead of ff<{x} and fy<{x}. 214
We omit subscripts when the relation is clear from context. 215
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We recall that a Stone space is a compact Hausdorff space with a basis of clopens. 216
A modal space is a triple X = (X, R, O) such that (X, O) is a Stone space and R is 217

a binary relation satisfying the following conditions: 218
1. fx is closed for every x € X; 219
2. YU € Clop(¥) for every U € Clop(X). 220

A modalized Esakia space is a quadruple ¥ = (X, <, C, O) such that (X, O) is 221
a Stone space and <, [_ are binary relations satisfying the following conditions: 222
1. <isreflexive and transitive; 223
2. fr<x is closed for every x € X; 224
3. Y<U € Clop(¥) forevery U € Clop(X); 225
4. {x € X : icx S U} € ClopUp_ (X) whenever U € ClopUp_(%); 226
5. The reflexive closure of [ coincides with <. 227
We refer to [9] and [13] for more infromation about modalized Esakia spaces. 228

A modal space is a triple X = (X, R, O) such that (X, O) is a Stone space and 229
R is a binary relation on X satisfying the following conditions: 230
1. fgx is closed for every x € X; 231
2. JrU € Clop(X) for every U € Clop(X). 232
In any modal space, we let R™ denote the reflexive closure of R. 233

When X, 9 are modalized Esakia spaces, a mapping f : X — 9 is called 234
a bounded morphism when it is continuous and both the conditions below hold 235

whenever <€ {<, C}. 236
1. Forallx,y € X,if x < y, then f(x) < f(y); 237
2. Forallx € X andy € Y, if f(x) < y, then there is some z € X such that Rxz 238

and f(z) = y. 239

Likewise, when X, 9 are modal spaces, a mapping f : X — ) is called a bounded 240
morphism when it is continuous and both the conditions above hold for <= R. 241

The categories of modalized Esakia spaces and of modal spaces, with their 242
respective bounded morphisms, are dual to those of frontal Heying algebras and 243
modal algebras with homomorphisms. Both these dualities are generalizations of 244
the celebrated Stone duality between Boolean algebras and Stone spaces. Given an 245
algebra U, we construct its dual space U, as follows. As the carrier we take the 246
set of all prime filters on 2. A basis of clopens for the topology is given by all 247
the sets of prime filters of the form f(a) for some a € A, where B(a) is the set 248
of all prime filters to which a belongs. When U is a frontal Heyting algebra, the 249
intuitionistic relation < on the dual coincides with prime filter inclusion, whereas 250
the modal relation is given by 251

xCy:<= Xaecximpliesa € yforalla € A.

When 2 is a modal algebra, the modal relation R is defined exactly like [, but 252
substituting [J for X. In both cases, if 4 : A — B is a homomorphism, the dual 253
bounded morphism £, : B, — U, coincides with the preimage mapping h ™. 254
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Conversely, if X is a space, its dual algebra X* is constructed as follows. When
X is a modalized Esakia space, the carrier is ClopUp_ (X). The Heyting implication
— and modal operator X of X* are given by the identities

XU :={xeX:f-x CU}.

On the other hand, when X is a modal space, the carrier of X¥* is Clop(X) and
the modal operator [ is defined the same way as X, but substituting R for . In
both cases, when f : X — 9 is a bounded morphism, the dual homomorphism
f* : 9* — X* again coincides with the preimage mapping f~!. Using these
constructions we can prove the following duality result.

Theorem 2.4 The following categories are dually equivalent:

1. Frontal Heyting algebras with homomorphisms and modalized Esakia spaces
with bounded morphisms [9, Thm. 4.11];

2. Modal algebras with homomorphisms and modal spaces with bounded mor-
phisms [18].

A sim-Kripke frame is defined as a triple X = (X, <, [C) that satisfies all the non-
topological conditions from the definition of a modalized Esakia space. Likewise,
a clm-Kripke frame is a triple X = (X, R) that satisfies all the non-topological
conditions from the definition of a modal space. It will be convenient to treat Kripke
frames as equipped with the discrete topology. Thus, when X is a Kripke frame,
Clop (%) refers to g (X) and ClopUp_ (X) refers to all the upsets (relative to <) in
X. Thus the two notions of bounded morphism defined for spaces readily apply to
Kripke frames.

The constructions underwriting Theorem 2.4 can be adapted to obtain duality
results connecting Kripke frames and algebras of appropriate kinds. In the algebras-
to-frames direction, the main change is to take the set of completely join prime
filters instead of the set of prime filters as the carrier. Accordingly, the Stone map
B is replaced with the mapping « that sends an element of an algebra to the set
of completely join prime filters containing it. The other direction is essentially
unchanged, given the conventions just mentioned about treating Kripke frames as
equipped with the discrete topology.

Theorem 2.5 The following categories are dually equivalent:

1. sim-Kripke frames with bounded morphisms and complete, completely dis-
tributive and completely join prime generated Heyting algebras with complete
homomorphisms;

2. clm-Kripke frames with bounded morphisms and complete, atomic, completely
additive and completely distributive modal algebras with complete homomor-
phisms.
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This result was first proved in [34] for cIm-Kripke frames, see also [24]. That it 291
holds for sim-Kripke frames appears to be a new observation, though the proof is a 292
straightforward consequence of a similar result due to de Jongh and Troelstra [17] 293
for intuitionistic Kripke frames. 294

A sim-interpretation is a mapping V : Frmg, — ClopUp_(X), where X is a 295
modalized Esakia space or a sim-Kripke frame, that commutes the right way with 296
connectives, in particular: 297

Vig = ¥)=—4<(V(p) N V(¥)),
V(Rg) :={x e X:ftcx S V(p)}

A clm-interpretation is a mapping V : Frmg,, — Clop(X), where X is a modal 298
space or a clm-Kripke frame, that commutes the right way with connectives, in 209
particular: 300

Ve) ={x e X : frrx S V(p)}.

In either case we write X, V, x |= ¢ to mean that x € V(¢p), and X, V = ¢ to mean 301
that X, V, x = ¢ holds for all x € X. We write X, V = I'/A to mean the following: 302
if X,V =y foreach y € I', then X, V = § for some § € A. Arule I'/A is said 303
to be valid in a space or Kripke frame X when X, V = I'/ A holds for all valuations 304
of the appropriate sort, otherwise it is refuted. We write X = I'/A to mean that 305
I'/A is valid in X, and X [~ I'/A to mean it is refuted in X. The notions of validity 306
and refutability can be straightforwardly generalized to classes of spaces or Kripke 307
frames; we use similar notation for these cases. 308

2.4 Properties of Transitive Structures 309

We list here some basic properties of spaces and Kripke frames we will appeal to 310
throughout the paper. Let X be a K4.Grz-space and U € Clop(X). We define: 311

max(U) :={x e U : trx NU C {x}},
pas(U) :={xeU: if Rxyandy ¢ U, then fgyNU = J}.

We call elements of max(U) maximal in U, and elements of pas(U) passive in U.> 312
Intuitively the maximal elements of U are those that do not “see” elements of U 313
other than, at most, themselves, and the passive elements of U are those elements 314
of U from which it is impossible to “leave” and “re-enter” U. We define analogous 315
notions for modalized Esakia spaces, substituting [ for R. 316

2 The terminology of “passive” points is due to Esakia [14].
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Proposition 2.6 Letr X be a K4.Grz-space and let U € Clop(X). Then max(U) is
closed and pas(U) € Clop(X).

Proof Follows from [14, Thm. 3.2.1, 3.5.5]. |

Proposition 2.7 Let X be a modalized Esakia space. For all U € Clop(X) and any
x € X, ift<xNU # &, then y<x Nmax(U) # &. Consequently, if f-rxNU # &,
then y\r-x N max(U) # Q. The claim remains true if we let X be a K4.Grz-space
and substitute R™ for < and R for C.

Proof In both versions of the statement, the first part follows from [14, Thm. 3.2.3].
For the second part, assume {-x N U # &. If x € max¥, then {rx = {x} and
we are done, so suppose otherwise. We have f<x N U # &, s0 f<x Nmax U # &
by the first part. This means there is y € max U with x < y. Since x ¢ max U, we
have x # y, and so x C y. The modal case is analogous. m|

Proposition 2.8 The following conditions hold:

1. A modalized Esakia space X is a KM-space iff no point x € max(U) is such that
x C x, for every U € ClopDown_(X);

2. AK4.Grz-space X is a GL-space iff no point x € max(U) is such that Rxx, for
every U € Clop(¥).

Proof KM case. (=) Let X be a modalized Esakia space, let U € ClopDown (X) and
assume x € max(U). Suppose towards a contradiction that x C x. Let V(p) = —U.
Then V(p) € ClopUp(X). If y € fix, then either x = y, in which case X, V, y =
Xp,or x # y,soboth X,V,y = Kp and X, V,y = p. Either way, X, V,x =
Xp — p,yet X, V,x [~ p. This contradicts the KM axiom (Xp — p) — p.

(<) Assume X is not a KM-space. Then there is a valuation V and a point x € X
suchthat X, V,x =Xp — pand X, V, x [~ p. This can only happen if x [Z x.

GL case. (=) Let X be a GL-space, let U € Clop(¥X) and assume x € max(U).
Suppose towards a contradiction that Rxx. Define V(p) = U. Then X, V,x &= Op.
However, if y € f)gx, then either x = y, in which case X, V, y [£ U=p,orx # y,
in which case X, V, y = p. Either way, X, V,y [~ O—-p A p, showing X, V, x |~
O(@—p A p). This contradicts the GL-axiom ((Cp — p) — Op.

(<) Assume X is not a GL-space. Then there is a valuation V and a point x € X
such that X, V, x =0(p — p) and X, V, x = Up. This can only happen if Rxx
fails. O

Proposition 2.9 Let X be a Kripke frame for either KM or GL. Then the modal
relation in X is conversely well-founded (hence irreflexive.)

Proof The arguments are very similar to those given above. See, e.g., [25, Cor. 3]
for the KM-case and [5, Ex. 3.9]. O

Lastly, when X is a space and < is its modal relation, a non-empty set C € X
is called a cluster when it is maximal with the property that, if x, y € C, then both
x <yandy < x. Aset U C X is said to cut a cluster C C X when neither C C U
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nor C NU = & holds. A cluster is called proper when its cardinality is greater than
one, improper otherwise.

3 Filtration and Pre-filtration

So much for preliminaries. We now move on to discussing our notion of pre-
filtration. As noted earlier, pre-filtration is motivated by the fact that standard
filtration does not work well for KM and GL. So let us begin by reviewing the standard
notion of filtration.

3.1 Stable and Pre-stable Maps

We begin by introducing some key definitions needed for our discussion of filtration
and pre-filtration. Since we are mainly interested in the correspondence between
sim- and clm-rule systems, we will henceforth restrict attention to K4-algebras in
the clm case.

Throughout the paper we will often think of K4-algebras as bimodal algebras in
a signature expanded with an extra modal operator (I, defined by (0" := a A a
[25]. This perspective will help us emphasize the connection between K4-algebras
and frontal Heyting algebras. Note that the identity

Oe =0T00%a (mix)

always holds in any K4-algebra.

Definition 3.1 (Stable Embedding) Let U, B be either frontal Heyting algebras
or K4-algebras. An injection 2 : A — B is called a stable embedding when the
following conditions hold:

1. Frontal Heyting case: h is a bounded distributive lattice embedding and 4 (Xa) <
Xh(a) holds for each a € A;
2. K4-case: h is a Boolean embedding and 4 (la) < Uh(a) holds for each a € A.

Note that whenever 7 : $ — & is a distributive lattice embedding between frontal
Heyting algebras, the inequality h(a — b) < h(a) — h(b) always holds for all
a,b € H. Moreover, whenever & : M — It is a stable embedding between K4-
algebras, the inequality #((0%"a) < OV h(a) always holds. Thus, a stable embedding
partially preserves both — and X in the sim-case, and both OF and (J in the clm-
case.

Let % be an algebra. A unary domain on U is simply a finite subset D C A,
whereas a binary domain on U is a finite subset D C A x A.
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Definition 3.2 (Bounded Domain Condition) Let 2, B be either frontal Heyting
algebras or K4-algebras. When © is a unary or binary operator on A (primitive or
compound), we say thatamap & : A — B satisfies the ©-bounded domain condition
(BDC®) for a domain D of appropriate arity when the identities

h(®a) = Oh(a) if ® is unary,
h(a®b) = h(a)Oh(b) otherwise
hold for every element of D.

In other words, & satisfies the BDC® for a domain when it fully preserves ® on
elements that belong to the domain.
We now give a dual description of stable embeddings and the BDC.

Definition 3.3 (Stable Map, Dual) Let X,? be modalized Esakia spaces, K4-
spaces, sim- or clm-Kripke frames. A map f : X — 9 is called stable when it
is continuous and preserves all the primitive relations of X—so both < and [ in the
sim case and R in the clm case.

The requirement that stable maps preserve < is strictly speaking redundant, since
any map between modalized Esakia spaces or sim-Kripke frames that preserves
automatically preserves <. Furthermore, in the clm case, it is clear that stable maps
also preserve the reflexive closure R of R.

If X is a modalized Esakia space or sim-Kripke frame, a unary domain on X is a
finite subset © C ClopDown _ (X), whereas a binary domain is a finite subset © C
Clop(¥) where each d € D is of the form U N —V, with both U, V € ClopUp_ (¥).
Equivalently, each d must equal the intersection of a clopen upset with a clopen
downset. On the other hand, if X is a transitive modal space or c/m-Kripke frame, a
unary domain on X is just a finite subset © C Clop (¥).

Definition 3.4 (Bounded Domain Condition, Dual) Let X, ?) be spaces or Kripke
frames, let < be any binary relation on X and let © be a unary or binary domain on
7). We say that a stable map f : X — 9 satisfies the <-bounded domain condition
(BDC™) for D when the following holds: for each x € X and any b € D, if there is
some y € dsuch that f(x) < y, then there must be some z € X such that x < z and

f(z)en.

Notice that when ?) is finite and D consists precisely of the singletons of points in Y,
f is stable and satisfies the BDC™ for D precisely when it is a bounded morphism
with respect to the relation <, whence the name for the condition.

Here is the key duality result relating the concepts just introduced.

Proposition 3.5 The following are equivalent, for all frontal Heyting algebras 9K
and all K4-algebras MN:

1. Amap h :  — R is a stable embedding satisfying the BDC™ for D™ and the
BDC® for D¥ iffh=" : ], — 9, is a stable surjection satisfying the BDC= for
D7 and the BDCE for DY, where
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D.” :={B(a)N—pB(b) : (a,b) e D™},
D® .= (—B(a) : a € D%},

Moreover, the same holds when we substitute $, K4 and o for H,, Ky and B 413

respectively, when the former are well defined. 414
2. Amap h : M — N is a stable embedding satisfying the BDCH for pH iff 415
h=': Ny — M, is a stable surjection satisfying the BDCH for D*D , where 416

DY :=(—B(a) :a € DV}.

Moreover, the same holds when we substitute M, N and o for M, and N, and 417
B respectively, when the former are well defined. 418

A proof of the modal case for spaces is given in [4, Sec. 3], and can be 419
straightforwardly adapted to cover the remaining cases. 420

We will also need slight variants of the concepts just introduced, to be used in 421
defining our notion of pre-filtration. The first two are weakenings of the notions of 422
a stable embedding and of a stable map. 423

Definition 3.6 (Pre-stable Embedding) Let 2, B be either frontal Heyting alge- 424
bras or K4-algebras. An injection 4 : W — B is called a pre-stable embedding when 425

the following conditions hold: 426
1. Frontal Heyting case: h is a bounded distributive lattice embedding; 427
2. K4-case: h is a Boolean embedding and A ((0"a) < O h(a) holds for each a € 428

A. 429

Since, as noted already, every bounded distributive lattice embedding partially 430
preserves — and every Boolean embedding that partially preserves [ also partially 431
preserves (1T, pre-stable embeddings differ from stable embeddings only in that a32
they do not require the partial preservation of X and [, depending on the signature. 433

We note the following simple fact. 434

Proposition 3.7 Let M, N be K4-algebras, let h : M — N a pre-stable embedding 435
and let D C N. If h satisfies the BDCH for D, then it satisfies the BDCH" for D. 436

Proof Tmmediate from the fact that (0%a := Ca A a and the fact that pre-stable
embeddings are Boolean embeddings. O

Definition 3.8 (Pre-stable Map, Dual) Let X, %) be modalized Esakia spaces, K4- 437
spaces, sim- or cIm-Kripke frames. A map f : X — 9 is called pre-stable when it 438
is continuous and preserves < (in the sim case) and R™ (in the clm case). 439

Again, pre-stable maps differ from stable maps only in that the preservation of [ 440
and R is not required. 441
We need one last definition, which is a slight strengthening of the BDC. 442
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Definition 3.9 (Back and Forth Condition) Let X, ) be spaces or Kripke frames,
let < be any binary relation on X and let © be a unary or binary domain on ). We
say that a pre-stable map f : X — ) satisfies the back and forth condition (BFC™)
for © when the following conditions hold for each x € X and any d € ©:

Back: If there is some y € d such that f(x) < y, then there must be some z € X
such that x < z and f(z) € b;
Forth: if thereis y € f~!(d) with x < y, then there must be some z € d with

fx) <z

In other words, f satisfies the BDC™ for ©® when {1~ f(x) N d # @ holds iff
fIfh<x]INbd# @, forall x € X and d € D. Note that every stable map that satisfies
the BDC™ for © automatically satisfies the BFC™ for the same domain, since the
requirement that a stable map preserve < implies the second item in the definition
of the BFC™=. However, of course, not every pre-stable maps that satisfies the BFC™
for a domain is stable.

A duality result analogous to Theorem 3.5 can be established using essentially
the same argument.

Proposition 3.10 The following are equivalent, for all frontal Heyting algebras
9, & and all K4-algebras MN:

1. Amap h : § — R is a pre-stable embedding satisfying the BDC™ for D™
and the BDC® for D¥ iffh=' : 8 — 9, is a pre-stable surjection satisfying
the BFCE for D and the BFC= for Dy, with D> and DX defined as before.
Moreover, the above remains true when we substitute $, Sy and o for H,, K,
and B respectively, when the former are well defined;

2. Amap h : M — Nis a stable embedding satisfying the BDCE" for DY and the
BDCH for DpH iff h=' : Ny — M, is a stable surjection satisfying the BFCR"
for DEJr and the BFCR for DE‘, with D*D defined as before and D*D+ defined in
analogous fashion. Moreover, the same holds when we substitute M., N, and o
for M, and N, and B respectively, when the former are well defined.

Proof The argument is very similar to that given in the proof of Theorem 3.5. The
only difference lies in showing that / satisfies the BDCX for DY iff h, satisfies the
BFCE for D?, and the counterpart claim in the c/m case. This is routine. O

Before we move forward, we note a property of pre-stable maps over GL-spaces,
which will come useful later.

Lemma 3.11 Ler X, be GL-spaces and let f : X — 9 be a pre-stable map
satisfying the BECR for some ©. Then f~'(max(d)) = max(f~'(d)) for each d €
D.

Proof Assume f(x) ¢ max(d). Suppose g f(x) N d # @. Since f satisfies the
BFC for b, we must have ftzx N f~!(d) # @, which implies x ¢ max(f~1()) by
Theorem 2.8. The other direction is analogous, but using the “forth” condition from
the BFC. O
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3.2 Shortcomings of Standard Filtration

We take an algebraic approach to defining filtration, following [2, 3].

Definition 3.12 Let 2 be an algebra, V' a valuation on 9t, and © a finite, subformula
closed set of formulae (in the appropriate signature). A finite model (%, V') is called
a filtration of (MM, V) through © if the following conditions hold:

1. sim case

a. The bounded distributive lattice reduct of B is isomorphic to the bounded
distributive sublattice of A generated by V[®];

b. V(p) = V'(p) for every propositional variable p € ©;

c. The inclusion C: B — W is a stable embedding satisfying the BDC™ for
the domain {(V(¢), V(¥)) : ¢ — ¢ € ©O} and the BDCH for the domain
{(V(p) : Ky € O}

1. clm case

a. The Boolean algebra reduct of 8B is isomorphic to the Boolean subalgebra of
A generated by V[O];

b. V(p) = V’/(p) for every propositional variable p € ©;

c. The inclusion C: B — W is a stable embedding satisfying the BDCU for the
set {V(p) : Oy € B}.

The definition of filtration in the c/m case is completely standard. The literature on
sim-rule systems and logics is far more limited than that on clm-rule systems and
logics, to the point that it may not make much sense to speak of a standard definition
of filtration in this setting. But the definition just given is as standard as it can be: it is
obtained by simply conjoining the standard definition of filtration for models based
on modal algebras with the standard definition of models for superintuitionistic
logics based on Heyting algebras.

By Theorem 3.5, it follows that a finite model (B, V') is a filtration of a model
(A, V) through some set of formulae only if there is a stable surjection from A,
to B,. This shows why filtration does not work well for either Magari algebras or
KM-algebras: some GL-spaces have no image under a stable surjection which is also
a GL-space, and the same holds true for KM-spaces.

Considering the case of GL first, an example is the space X depicted in Fig. 1.This
space is constructed as follows:

e X =NU{wy, o1};

e R={(n,m)eNxN:m<njU{(wj,x) e XxX:ie{0, 1}andx € X};

* O is given by the basis consisting of all U C X such that either U is a finite
subset of N, or U = V U {wq, w1} with V a cofinite subset of N, or U is one of
the following sets:

{n € N:niseven}U {wg} {n e N:nisodd} U {w;}.

476

477

478
479
480

481

482
483
484
485
486
487

488

489
490
491
492
493

494
495
496
497
498
499
500
501
502
503
504
505
506
507

508
509
510
511
512



Author's Proof

Pre-filtrations, Pre-stable Canonical Rules 269

SQ.

This space contains a non-trivial cluster made up of two reflexive points, but it is
nonetheless a GL-space. To see this, one need only observe that any U € Clop(¥)
that contains at least one of w;, wy must also contain some element n € N. Indeed,
any x € max(U) must belong to N, which consists entirely of irreflexive points. By
Theorem 2.8, this implies that X is a GL-space. Now, we know from Theorem 2.9
that no finite GL space can contain reflexive points. Yet every image of X under a
stable map must contain at least one reflexive point, namely the image of w; or of
. Thus, no filtration of any model based on X is based on a GL-space.

It is worth remarking on why this shows that filtration does not work well for
GL and its extensions. A paradigm application of the filtration construction is to
prove finite model property results. To prove that a rule system M has the finite
model property using filtration, one takes a model M that refutes a rule I'/A and
then constructs a filtration of that model through Sfor(I'/A). The filtration always
refutes I'/ A, but the argument only suffices to establish the finite model property if
the filtration is also a model of M. Examples like the one just given therefore show
that filtration is not a good tool for proving that GL or some extension thereof has
the finite model property.

These remarks generalize to the case of KM. Consider, for example, the KM-space
obtained by collapsing the lower cluster from the space X in Fig. 1, letting the modal
relation be as before (modulo the collapse of the cluster) and letting the intuitionistic
relation be the reflexive closure of the modal relation. The resulting space is depicted
in Fig. 2. It has a reflexive point under the modal relation, so any surjective image
thereof under a relation preserving map must have one as well. But no finite KM-
space can contain reflexive points under the modal relation.

Fig. 1 The GL-space X
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Fig. 2 The KM-space 9

3.3 Pre-filtration

We have discussed the shortcomings of standard notions of filtration for normal
extensions of GL and KM. We now introduce pre-filtration as a more general notion
of filtration intended to overcome these shortcomings.

3.3.1 The sim Case

It is instructive to begin with the sim case. The standard algebraic definition of
filtration for Heyting algebras is motivated by a simple uniqueness result: every
finite distributive lattice & has a unique expansion to a Heyting algebra. This is done
by defining a Heyting implication on £ as

a—>b:\/{ceL:a/\c§b}.

It is this uniqueness result that allows one to prove that every model of a
superintuitionistic logic based on a Heyting algebra has a filtration through any
subformula-closed set of formulae ®. One starts by taking a model (£, V), then
one generates a bounded distributive lattice from the V[®]. The resulting lattice
must be finite, because bounded distributive lattices are locally finite, and it can be
expanded to a Heyting algebra R using the construction just sketched. The inclusion
C: & — 9 happens to be a bounded distributive lattice embedding that satisfies
the BDC™ for the domain consisting of valuations of formulae ¢, v such that
o —> Y €0,

This suggests a way forward. The correct way of defining a suitable notion
of filtration for frontons is not simply to combine the standard modal and super-
intuitionistic definitions of filtration. Rather, we first need to look for a suitable
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uniqueness result that can be used to generate finite frontons from infinite ones, then
model our new notion of filtration after the properties of this generation procedure.
Luckily, such a uniqueness result exists.

Theorem 3.13 ([13, Proposition 5]) A Heyting algebra $ can be expanded to a
fronton iff the set

F,={beH:b—a<b}

is a principal proper filter for each a € H. Moreover, such an expansion is unique
if it exists.

Proof (=) Assume $ has the structure of a fronton. It is routine to check that
F, is a proper filter; we show that it is principal. Now, for each a € H we have
Xa— a <a < Xa,whence Xa € F,. Givenb € F,, wehavebVv (b — a) <b
and Xla <bVv (b — a), whence Ka < b.

(<) Assume that each F, is a principal proper filter. Define

@a::/\Fa.

Thus X a coincides with the generator of F,. It is routine to check that the result of
expanding $ with X is a frontal Heyting algebra. Moreover, it is also a fronton. For
by Xa € F, we have Xa — a < KXa. Thisisto say (Ma — a) AXa = Ka — a.
Since, clearly, (Ka — a) A Ka < a, it follows that X a — a < a, as desired.
From the arguments just given it follows that every fronton must satisfy the
identity Ma = /\ F,. This establishes the uniqueness condition in the theorem. O

Corollary 3.14 Every finite Heyting algebra has a unique expansion to a fronton.

Proof In a finite Heyting algebra $, each filter F, must contain the meet /\ F,.
Thus we can expand $ to a fronton using the construction described in the proof of
the («) direction of the previous theorem. By the same theorem, this expansion is
unique. O

There is thus a unique way of expanding a finite distributive lattice to a fronton.
Every finite distributive lattice has a unique expansion to a Heyting algebra, which in
turn has a unique expansion to a fronton. Composing these two construction yields
the mapping we use to model our new notion of pre-filtration.

Definition 3.15 (Pre-filtration, sim Case) Let $ be a frontal Heyting algebra, V a
valuation on $, and © a finite, subformula closed set of formulae. A finite model
(], V'), with & € fHA, is called a pre-filtration of (9, V) through © if the following
hold:

1. The (X, —)-free reduct of & is isomorphic to the bounded sublattice of $
generated by a finite superset of V[®];3

3 Note we now require only that the reduct be generated by a finite superset of V(0] rather than
by V[©] itself. This slight generalization is intended to make the statements and proofs of some of
the theorems to follow simpler; nothing substantial hinges on this.
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2. V(p) = V/(p) for every propositional variable p € ®;

3. The inclusion C: & — 9 is a pre-stable embedding satisfying the BDC™ for
the set {(V(p), V(¥)) : ¢ — ¥ € O}, and satisfying the BDC¥ for the set
{(Vip) : Ky € 6}.

The only difference between the definitions of filtration and pre-filtration is that
we have dropped the requirement that X be partially preserved. This is key, as the
construction we use to extract finite frontons, based on the proof of Theorem 3.14,
does not partially preserve X. This illustrates how we can use pre-filtration to get
around problem cases like the space %) in Fig. 2. A pre-stable map need not preserve
the modal relation [, so finite KM-spaces can be surjective images of ¥ under pre-
stable maps despite the latter containing the -reflexive point wy.

The uniqueness result from Theorem 3.13 can be used to establish the existence
of “enough” pre-filtrations, in the following sense.

Theorem 3.16 Let $ be a fronton. For every model (£, V) and any subformula-
closed set of formulae ©, there is a pre-filtration (], V') of (9, V) through © such
that & is a fronton.

Proof Let K¢ be the bounded sublattice of $ generated by V[®] and let D¥ =
{(V(p) : Xp € ®}. Letay, ..., ar enumerate DX and define recursively:

Cit1:={(b = ai+1) AN®aj11 :b € Ky N a1, Wa; 1]},

where [a,Xa] := {b € H : a < b < Ka}. Finally, let & be the bounded
sublattice of $ generated by K; U C;.

To get an intuitive grip on this construction, recall [10, Lemma 4] that in any
fronton $ the interval [a, Xa], viewed as a sublattice of %, is a Boolean algebra
where the complement —,b of any b € [a, Ka] is given by

—4b ;= (b = a) AKa.

Thus, the move from &; to &; 41 consists in adding complements to elements of &;
relative to the interval [a; 41, Ma; 1], then generating a new distributive lattice.

Since each 8; is finite, it can be viewed as a fronton by defining on it a Heyting
implication ~-; and a modal operator ®; as in the proof of Theorem 3.13. Let
K = K, ~ 1=~ and ® := ®i. By construction, the inclusion embedding C:
! — 9 is pre-stable. We show that it satisfies the BDC for (D™, D'g), where
D7 :={(V(p),V(¥)) : ¢ —> ¥ € B}

Leta,b € D7 . Then thereis ¢ — v € ® witha = V(p) and b = V(¥).
Consequently,a — b € V[®] C K. Since

awb::\/{ceK:a/\cfb}, a—)b::\/{ceH:a/\cgb},

it follows thata — b < a ~» b, whence a ~» b = a — b given pre-stability. Now
leta; € D¥. Observe that ®; (a;) = ®(a;). For note that
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®iai:=/\{b€K:bwiai§ai}, @aﬁ:/\{béH:b—)uifai}.

Since Xa; € V[®] C K; and Ka; ~; a; < Xa; — a;, it follows that ®; a; < Ka;.
Consequently, ®; a; € K; N [a;, Ka;]. Now, ®; a; ~»; a; = a; holds because {;
is a fronton. Moreover, given that X a;, a;, Xa; — a; € V[®], we also have
Xa; ~~ a; = Xa; — a; = a;. So:

g ®ia; = (®ia; ~i a;j) ANXa; = a; AX®a; = a;,

—-aiﬁai = (&ai i ai) A Xa; = a; AXa; = a;.

Because Boolean complements are unique, it follows that®; a;= Xa;. By analogous
reasoning we have ®; a; = ®;y1a;. Putting these observations together, we
conclude that ® a = Ka holds for every a € D™, as desired.

Finally, define a valuation V' on 8 by putting V'(p) = V(p) if p € ®, arbitrary
otherwise. The resulting model (K, V') is a pre-filtration of (9, V) through ®. O

The argument just presented is a close adaptation of the proof of [10, Thm. 6], which
is related to a construction used by Muravitsky [27, Thm. 2] to establish the finite
model property for K.

Despite the weaker definition, pre-filtrations still preserve and reflect the satis-
faction of rules whose premises and conclusions belong to the “filtering set” ©.

Theorem 3.17 (Pre-filtration Theorem for Frontal Heyting Algebras) Let $ be
a fronton, V a valuation on 9, and © a finite, subformula-closed set of formulae. If
(8, V') is a pre-filtration of (9, V) through © then for every ¢ € ©® we have

Vi(p) = V'(p).

Consequently, for every rule T'/ A such that y,§ € © foreachy € I" and § € A we
have

5. VET/A & &,V ET/A.

Proof A straightforward induction on the structure of formulae. O

We conclude with some remarks about the existence of pre-filtrations of frontal
Heyting algebras more generally. Given $,V and ® as in Theorem 3.15, the
expansion construction from Theorem 3.13 can always be used to extract a finite
fronton generated as a bounded sublattice of $ by V[®]. But of course, in general,
the construction cannot be continued to construct a pre-filtration of ($, V') based on
K. For if ® contains (Xp — p) — p and $ is not a fronton, (9, V) and (K], V') will
disagree on whether (KXp — p) — p is valid, so (!, V') cannot be a pre-filtration
of (9, V) through ®.

It thus remains an open question whether the version of Theorem 3.16 obtained
by substituting “frontal Heyting algebra” for “fronton” is true. This is an instance of
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a broader problem: it is, in general, not clear how to construct filtrations in signatures
containing multiple non-interdefinable operators.

3.3.2 The clm case

Let us now turn to the clm case. The key intuition we appeal to here, which we
mentioned already, is that every K4-algebra can be seen as a bimodal algebra in a
signature with an extra modal operator [J*, defined as

O%a:=a Ala.

We have defined pre-filtration for frontal Heyting algebras by means of pre-stable
embeddings, which partially preserve — but not necessarily X. Likewise, to define
pre-filtration for K4-algebra, we use embeddings that partially preserve CI" but not
necessarily [ itself, namely pre-stable embeddings again.

Definition 3.18 (Pre-filtration for K4-Algebras) Let 9t be a K4-algebra, V a
valuation on 9, and © a finite, subformula closed set of formulae. A finite model
(M, V), with N a K4-algebra, is called a pre-filtration of (M, V) through O if the
following hold:

1. The U-free reduct of 9t is the Boolean subalgebra of 9t generated by a finite
superset of V[O];

2. V(p) = V/(p) for every propositional variable p € ®;

3. The inclusion C: 9t — M is a pre-stable embedding satisfying the BDCH for
the set {V(¢) : Up € B}.

One might have thought Item 3 should be strengthened so that C is also required to
satisfy the BDCU" for the set DY := {V(p) : OY¢ € ®}. But this is not really
a strengthening. By the definition of (0%, this set is contained in pH = {(V(p) :
Ug € ®}. Moreover, by Theorem 3.7, it already follows from Item 3 that C satisfies
BDCO" for DD, hence for DP" as well.

As before, the weaker definition does not affect the ability of pre-filtrations to
preserve and reflect the satisfaction of formulae in the filter set ©.

Theorem 3.19 (Pre-filtration Theorem for K4-Algebras) Let M be a K4-algebra,
V a valuation on 9, and ® a finite, subformula-closed set of formulae. If (N, V') is
a pre-filtration of (M, V) through © then for every ¢ € ® we have

V(p) = V'(p).

Consequently, for every rule I' / A such that y, 5 € © foreachy € I' and § € A we
have

MV ET/A & RV ET/A.
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The existence of a pre-filtration of a model based on a K4-algebra through any
subformula-closed set of formulae is an immediate consequence of the existence
of a filtration of that model through that set of formulae, since every filtration is a
pre-filtration.

Theorem 3.20 Let I be a Ké4-algebra. For every model (W, V) and any
subformula-closed set of formulae ®, there is a pre-filtration (N, V') of (M, V).

This result, however, is not strong enough to support the use of pre-filtration
in, say, proofs to the effect that some normal extension of GL has the finite model
property. To that end, we would need to strengthen the consequent to the effect that
N be a Magari algebra. While we were not able to confirm this, we conjecture that
this strengthening of Theorem 3.20 is false. However, later in the paper we will
be able to establish a slightly weaker result (Theorem 6.7), which is nonetheless
strong enough to support finite model property arguments for normal extensions of
GL using pre-filtration.

4 Pre-stable Canonical Rules

We have introduced our notion of pre-filtration. We now turn to the task of
syntactically encoding pre-filtrations through algebra-based rules. When U is an
algebra, for each a € A introduce a fresh propositional variable p,.

Definition 4.1 (Pre-stable Canonical Rule, sim Case) Let $ be a finite frontal
Heyting algebra and let D := (D7, DY) be respectively a binary and a unary
domain on 9. The sim pre-stable canonical rule n(9, D) is defined as the rule '/ A,
where
I'={po & L}U{p1 & T}U
{parb < paApp:a,be HYU{psp < paV pp:a,be HIU
{Passb <> Pa = pb i (a,b) € D7} U {pry <> Bp, :a € D¥)
A ={p, < pp :a,b e H witha # b}.
Definition 4.2 (Pre-stable Canonical Rule, c/m Case) Let It be a finite K4-
algebra and let D be a unary domain on 9. The clm pre-stable canonical rule
w2, D) is defined as the rule I'/ A, where
I'={po < L}U{p1 & T}U
{Parb <> pa Appia,be MyU{p-y < —ps:a e MU
{pota — O%pa:a € MYU{po, < Op, :a € D}
A={p,:aeAN1}L
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In both cases, a pre-stable canonical rule fully represents the truth functional
structure of an algebra (i.e., the lattice structure of a frontal Heyting algebra and the
Boolean structure of a K4-algebra), but only represents non-truth functional structure
on the distinguished domains. We use the notation &(2, D) to refer to either a sim
or a clm pre-stable canonical rule, without specifying which.

Pre-stable canonical rules are useful because they have well behaved refuta-
tion conditions, connected to the pre-filtration construction. The next two results
describe this connection in both its algebraic and dual version. Henceforth, when D
is a pair of domains on an algebra U as above, say that a map & : W — B satisfies
the bounded domain condition for D when it does for both the domains occurring
in D.

Proposition 4.3 Let A be a frontal Heyting or K4-algebra and let £(B, D) be a
pre-stable canonical rule of the appropriate kind. Then U (= £(B, D) iff there is a
pre-stable embedding h : B — W satisfying the BDC for D.

Proof We show the sim case only, as the clm case is analogous. (=) Suppose
A = £(B, D) and take a valuation V that witnesses this. Defineamap 7 : B — A
by putting i (a) := V(pg). This is a bounded lattice embedding, because the model
(A, V) satisfies every formula in I". For the same reason, it satisfies the BDC for D.
In the case of D™, for (a, b) € D™ note

h(a — b) = V(pa—b)
= V(pa = p») By %, V = pasb <> (Pa — pb)
= V(pa) = V(p»)
= h(a) — h(b).

Likewise in the case of X.

(<) Let h : B — A be a pre-stable embedding satisfying the BDC for D.
Define a valuation V on U by setting V(p,) := h(a). Because h is pre-stable,
the model (2, V) satisfies all formulae in the first two lines from the definition
of I" in Theorem 4.1. From the fact that & satisfies the BDC for D, on the other
hand, we can show that the reamining formulae in I" are satisfied, by essentially
reversing the reasoning summarized in the identities above. Finally, a # b implies
A, V = a < b, sono formula in A is satisfied in (2, V). We have thus shown that
AL E(B, V). O

Proposition 4.4 Let X be a modalized Esakia or K4-space and let £ (U, D) be a
pre-stable canonical rule of the appropriate kind. Then X = &(U, D) iff there is a
pre-stable surjection f : X — U, that satisfies the BDC for D,.* Moreover; the
same remains true if we let X be a sim- or clm-Kripke frame and substitute W, for
A.

4 See the statement of Theorem 3.5 for the definitions of D,.
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Proof Follows immediately from Propositions 4.3 and 3.10. O

In view of Theorem 4.4, we adopt the convention of writing a pre-stable canonical
rule £(A, D) as £(A,, D,) when working with spaces or Kripke frames. Note that
since any such U is finite, 2 is always defined and equals 2.

We are now ready to prove the main result that underwrites the usefulness of
pre-stable canonical rules: that every rule is equivalent (over a suitable base system)
to a finite conjunction of pre-stable canonical rules.

Theorem 4.5 Let I'/ A be either a sim-rule or clm-rule. The following conditions
hold:

1. sim case: there is a finite set ® of sim pre-stable canonical rules based on
frontons, such that a fronton $ refutes I / A iff it refutes some rule n(}, D) € ®;

2. clm case: there is a finite set ® of clm pre-stable canonical rules such that a
K4-algebra M refutes I/ A iff it refutes some rule (N, D) € P.

Proof sim case: let M (k) be the cardinality of the free bounded distributive lattice
on k generators. Let My (k) := M (k) and M;;1(k) = M(2- M;(k)). We let ® be the
set of all sim pre-stable canonical rules n(, D) such that:

1. & is a fronton generated, as a bounded distributive lattice, by at most M, (k)
elements, where k = |Sfor(I'/A)| and n = |{¢ : Kp € Sfor(I'/A)}|;

2. D= (D7, Dg), where, for some valuation V on & such that &, V = I'/A, the
binary domain D™ consists precisely of the pairs (V (¢), V(i)) with o — ¢ €
Sfor(I'/A), and the unary domain D¥ consists precisely of the elements V (p)
with X ¢ € Sfor(I'/A).

Each algebra & as above must be finite because bounded distributive lattices are
locally finite, and since we have fixed the cardinality of the generators there are only
finitely many such rules n(&, D), up to isomorphism of the underlying algebras.

(=) Assume 9 [~ TI'/A and pick a witnessing valuation V. Construct a
pre-filtration (&, V') of (9, V) through Sfor(I'/A), which is always possible by
Theorem 3.16. In addition, note that the construction used to prove Theorem 3.16
ensures that & can be chosen to meet the cardinality constraints on the generators
above. Use the valuation V' to construct D := (D™, Dg) as above. Since (], V') is
a filtration of (9, V), the inclusion C: & — § is a pre-stable embedding satisfying
the BDC for D, showing $ = n(K, D). By Theorem 3.17 we have &, V' (£ T'/A,
son(Kk, D) € d.

(<) Assume 9 = n(K, D) for some n(K], D) € ®. Let V be a valuation on &
that can be used to construct D as per the second item above. This can also be seen
as a valuation on $. Moreover, the model (R, V) is a filtration of (9, V) through
Sfor(I'/A). By Theorem 3.17, it follows that $, V (= T'/A.

clm case: the proof is completely analogous, save for some minor adaptations in
the construction of &. In this case, we let ® consist of all c/m pre-stable canonical
rules © (9, D) such that:
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1. M is a K4-algebra generated, as a Boolean algebra, by at most |Sfor(I'/A)|
elements;

2. For some valuation V on % such that 9%, V [~ I'/ A, the unary domain D consists
precisely of the elements V (¢) with g € Sfor(T'/A).

Since Boolean algebras are locally finite, each such 9 is finite, and ® is finite
because the number of generators has been fixed. O

Note Theorem 4.5 does not imply that every clm rule is equivalent over GL to
finitely many pre-stable canonical rules based on Magari algebras. To establish
that result, we would need a stronger version of Theorem 3.20, establishing the
existence of enough pre-filtration based on Magari algebras. As anticipated, a result
of this sort holds true, though we will need to go through some theory of monomodal
companions in the next section before we can establish it.

Corollary 4.6 The following conditions hold:

1. Every sim-rule system is axiomatizable over KM by sim pre-stable canonical rules
based on frontons;

2. Every clm-rule system above K4 is axiomatizable over K4 by clm pre-stable
canonical rules.

Proof In either case, take an arbitrary axiomatization of the desired rule system and
use Theorem 4.5 to rewrite it in terms of pre-stable canonical rules. O

The upshot of this section is that, in the right circumstances, we are now
entitled to assume without loss of generality that we are always working with pre-
stable canonical rules. The problem of checking whether a given rule is refuted
by an algebra has been reduced to the problem of establishing whether pre-stable
embeddings with the relevant properties exist.

5 Monomodal Companions

We now apply pre-stable canonical rules to the theory of monomodal companions
of sim-rule systems.

5.1 Mappings and Translations

Recall that the free Boolean extension of a Heyting algebra $) is the unique Boolean
algebra B($) in which $ embeds as a distributive lattice, such that the image of $
under this embedding generates B($) as a Boolean algebra [14, Def. 2.5.6, Constr.
2.5.7; 1, Sec. V]. For simplicity, we will generally identify $ with its image in B(9).
Note this convention is used in the definitions to follow.
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If 9 is a frontal Heyting algebra, we define o by expanding B($) with the
operation

Ua :=Xla,
where
la:=\/{be H:b<a).

By the properties of free Boolean extensions, /a always exists and indeed belongs
to H. Conversely, if M is a K4-algebra we define pM as follows. First, define the
quasi-open elements of M

OTM) :={aeM:0%a=a).

This is a bounded distributive sublattice of Mi. We let pMi be the result of expanding
O™ (M) with the operations

a— b:=0%(=aVvb),

Xa := Oa.

Since JtO%"a = O%a and OO0 %a = Ua for each a € M, both operations are
well defined.

We now give a dual description of these constructions. If X is a modalized Esakia
space, let cX be the <-free reduct of X. To emphasize that we view oX as a
modal space, we will denote the remaining binary relation in X as R instead of .
Conversely, let X be a K4-space. Define an equivalence relation on X by putting
x « y iff either x = y or both Rxy and Ryx. Let o be the quotient map induced
by «~. We define pX by endowing o[X] with the quotient topology and expanding
the resulting space with the binary relations

o(x) <o(y): < Rtxy, o(x) T o(y) : & Rxy.

These definitions do not depend on the choice of x, y: we could have equivalently
defined o(x) < o(y) iff there are 7 -~ x and w « y with R zw, and likewise for .
These constructions are readily extended to Kripke frames, applying our convention
of regarding a Kripke frame as endowed with the discrete topology.

Proposition 5.1 The identities (09)s = 0(9,) and (pIM), = p (M) hold for every
frontal Heyting algebra 9 and any K4-algebra IN. Moreover, the second identity
remains true if we replace (-) . for (-),, provided pI is defined.

Proof Note that B($) is isomorphic to Clop (), so (69)« = o(9,) are isomorphic
as Boolean algebras. Let f : (69)« — o(9,) be the bijection determined by the
identity mapping on the Stone space dual to B($). That Rxy implies Rf (x) f(y)
is obvious. Conversely, assume Rf (x) f(y) and take U € Clop((c9)+). Suppose
y ¢ U. By the definition of 09,
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DU =®|_J{v € ClopUp_(¥) : V < U}.

Since y ¢ U, also | J{V € ClopUp_(¥) : V C U}, so x ¢ OU. This shows Rxy.
For the second identity, first observe that given x, y € 9, we have o(x) = o(y)
iff x and y contain the same quasi-open elements from M. Since the quasi-open
elements in a prime filter of 9t form a prime filter in p9 and every prime filter of pIMN
can be extended to a prime filter in 9 containing it, the map f : p(M,) — (pM,)
where f(o(x)) is the prime filter on p9t consisting of all the quasi-open elements
shared by all members of o(x) is a bijection. It should also be clear that f preserves
and reflects <. To see that it also preserves and reflects [, let p(x), p(¥) € p(M,)
and suppose p(x) C p(y). Take a € pI and suppose a ¢ f(o(y)). Then also
a ¢ p(y),so Wa ¢ p(x),and in turn X a ¢ f(p(x)). The other direction is
analogous. O

Remark 3 It is important to point out that $, being well defined does not
guarantee that the identity (69)+ = o($,) holds, even when both sides are well
defined. As we shall see in a moment, o H is always a K4.Grz-algebra, so (09)+
must be a K4.Grz-frame if defined. However, o($,) need not be a K4.Grz-frame,
for it might not be conversely well-founded.

Using this dual description of the mappings ¢ and p, we can prove a few key
facts about them.

Proposition 5.2 The identity po = 9 holds for every frontal Heyting algebra $.
Proof Dually, composing o with p obviously yields the identity mapping. O

Proposition 5.3 There is a modal algebra embedding of opIN into M, for every
K4-algebra M.

Proof The cluster collapse map o : I, — o pIi, is a surjective bounded morphism,
so its dual is a modal algebra embedding g : cpM — M. O

Proposition 5.4 Let $ and M be a frontal Heyting algebra and a K4-algebra
respectively. Then o9 is a K4.Grz-algebra and pIM is a frontal Heyting algebra.
Moreover, if 9 is a fronton, then 9 is a Magari algebra, and if M is a Magari
algebra then pM is a KM-algebra.

Proof For a proof of the first part of this proposition, see [13, Thm. 18]. We prove
the dual version of the second part. Let X be a KM-space. Let U € Clop(c¥) and
x € max(U). Then |< U e Clop(cX) and clearly also x € max(y< U). Since

< U is aclopen downset, by Theorem 2.8 it follows that x [Z x, which is to say
that Rx fails. By Theorem 2.8 again, it follows that o X is a GL-space. The last claim
in the proposition proved similarly. O

We can extend both mappings o and p to universal classes by setting

ol :=Uni{cH : H € U}, oV = {pM: M e V},
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whenever U/ € Uni(fHA) and V € Uni(K4). We also introduce a mapping 840
U = {MeK4: pM el}

The syntactic counterpart of the mappings just introduced is the translation ss1

mapping T : Frmgj,, — Frmy, defined recursively below. 842
r(m:=T, T():=1,
T(p):=Up, Tovy): =T VvTH),
TeAy) =T AT ), T(p — ¥) :=0N=T(p) v TW)),

T (Xo) :=UT (p).

T as just defined is equivalent to the translation given in [22, 36], noting that &3
OrO0O%¢ <> Og is a theorem of K4. We extend T to a translation between rules s4s
by setting T(I'/A) := T[T']/T[A]. 845

The key result required to work with 7 is the following lemma. 846

Lemma 5.5 Let ¢ be a sim-formula and M a K4-algebra. Then pM = ¢ iff M = s47
T (¢). Consequently, p =T /A iff M = T (I'/ A) holds for every sim-rule '/ A. 848

Proof Straightforward induction on the structure of ¢. O
Using T, we define three mappings between lattices of rule systems: 849

tL:=K4p{T(T/A):T/A €L}, oL :=K4.Grz @ 7L,

850
oM :={I'/A € Rulgy, : T(I'/A) € M},

for L € NExt(mHC) and M € NExt(K4). 851
In general, the mappings t and o over rule systems come apart. For example ss52
mmHC = K4 C K4.Grz = omHC. However, they happen to coincide above KM. 853

Proposition 5.6 Let L € NExt(KM), which is to say L = KM @ ® for some set of &4
rules ®. Then 855

tIL=GL& T[] =oL.

Proof 1t suffices to observe that L. € NExt(GL) whenever L € NExt(KM). To that sse
end, note 857

T((®p — p) — p) =070 @O0 p - Ot p) - OFp).
Now, /O0Y (@O0 p — O p) implies /(00" p — O p) over K4, which in turn

implies /(0" p over GL using the Lob formula. By necessitation and propositional
reasoning it follows that 7(/(Xp — p) — p)) is a theorem of GL. O
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5.2 Main Results

In this section, we give new proofs of the Esakia theorem and the Kuznetsov-
Muravistsky isomorphisms. The next lemma is our main technical tool.

Lemma 5.7 (Main Lemma) Let X be a K4.Grz-space and let T'/ A be a clm-rule.
Then X - T/A iffopX = T/A.

Proof The right-to-left direction is a consequence of Theorem 5.3 and the fact
that the validity of rules is preserved under subalgebras. To prove the converse,
by Theorem 4.5 we may assume wlog that I'/A is a clm pre-stable canonical rule
w(F, D) for some finite K4-space §. So suppose X (= 1 (F, D). Then there is a pre-
stable surjection f : X — § satisfying the BFC for ©. We construct a pre-stable
surjection g : opX — § satisfying the BFC for the same domain, which will show

opX B
Let C be a cluster in & and enumerate it C := c¢y,...,c,. For each ¢; €
C, consider the preimage f_l(c,-) C X and let M; := max(f_l(ci)). Now,

f () e Clop(X), so M; is closed by Theorem 2.6. Moreover, since f preserves
R™T, we know that f ~1(¢;) does not cut clusters, so neither does M;. Consequently,
— 0[M;] = o[—M;], which implies that o[M;] is closed as well because opX has
the quotient topology.

We now find disjoint clopens Uy, ..., U, € Clop(cpX) such that o[M;] C U;
for each i, and | J; U; = Q[f_l(C)]. Let k < n and assume U; has been defined
foreachi < k. If k = n, put U, := Q[f_l(C)] ~ (Ui<k Ui) and we are done.
Otherwise set Vj = Q[f_l(C)] ~ (Ui<k U,-) and observe that Vj contains each
o[M;] for k < i < n. By the separation properties of Stone spaces, for each i with
k < i < n there is some Uy, € Clop(opX) with o[My] € Uy, and o[M;1NUy, = @.
Then set Ug = (y_j<, Uk; N Vi.

We can now define a map

gcolf O - C,
> xi < z € U;.

Since C is a cluster, gc preserves R . Further, it is continuous because each U; is
clopen. Having defined g¢ for all clusters C € F, we can then define the desired
g 1 opX — § by setting

(@) f©@ if f(z) does not belong to any proper cluster,
g Z =
gc(o(z)) if f(z) € C for some proper cluster C C F.

Since both f and each g¢ are continuous and preserve R, it follows that g is a
pre-stable map.

We now show that g satisfies the BFC for ©. Let » € . For the “back”
part, let x € X and suppose there is y € d with Rg(o(x))y. By construction,
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g(o(x)) belongs to the same proper or improper RT-cluster as f(x), so we also
have Rf (x)y. Since f satisfies the BFC for D, there must be z € X with Rxz and
f(z) € b. By Theorem 2.7, wlog, we may assume that z € mahx(f_1 (f(2))). Butby
construction this implies g(0(z)) = f(z). Since p preserves R, we have Ro(x)o(z),
and we have found our desired witness.

For the “forth” part, let » € D, let x € X and suppose there is y € X with
g(o(y)) € b and Ro(x)o(y). Since p reflects R, we also have Rxy. Moreover,
g(o(y)) and f(y) belong to the same cluster, whence 1} [R]g(o(x))N f_l ) # 2.
Since f satisfies the BFC for D, there must be some z € d such that f(x)z. But now
f(x) and g(o(x)) also belong to the same cluster, whence Rg(o(x))z. We have thus
shown that g satisfies the BFC for D. O

Theorem 5.8 (Skeletal Generation Theorem) Every universal class of K4.Grz-
algebras is generated by its skeletal elements. That is, U = oplU holds for every
universal class U of K4.Grz-algebras.

Proof By Theorem 5.7, ThR(U) = ThR(opl), so U = oplU follows using
Theorem 2.2. O

This was the challenging part of the argument for our main results. The rest of
the argument consists of routine reasoning, which we repeat here for completeness.
To begin with, we can now prove that the syntactic and semantic versions of the
maps o, T and p correspond to one another, in the following sense.

Lemma 5.9 Let L € NExt(mHC) and M € NExt(K4). Then

1. Alg(oL) = oAlg(L),
2. Alg(tL) = tAIg(L);
3. Alg(pM) = pAlg(M);

Proof

(1) In view of Theorem 5.8, it suffices to show that Alg(zL) and tAlg(L) have the
same skeletal elements. So let M be a skeletal K4.Grz algebra. Assume M €
oAlg(L). Since ocAlg(L) is generated by {o$ : $ € Alg(L)} as a universal class,
by Theorems 5.2 and 5.5 it follows that M = T (I'/A) for every I'/A € L. This
implies M € Alg(oL). Conversely, assume M € Alg(oL). Then M = T(T'/A)
for every I'/A € L. By Theorem 5.5, this is equivalent to pIt € Alg(L), so
M =opM € cAlg(L).

(2) If M is a K4-algebra, then M € Alg(zL) iff M = T(T'/A) for all '/A € L iff
oM =T /A forall T/A € Liff pI € Alg(L) iff M e pAlg(L).

(3) Let $ be a frontal Heyting algebra. If § € pAlg(M), then $ = pIN for some
M e AlgM). It follows that M = T(I'/A) whenever T(I'/A) € M, and by
Theorem 5.5 in turn $ = ['/A. So, $ € Alg(pM). Conversely, if pAlg(M) =
I'/A, then by Theorem 5.5 Alg(M) = T(I'/A), hence I'/ A € pM. This implies
Alg(pM) S pAlg(M).

|
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The result just established leads to a purely semantic characterization of mono-
modal companions.

Lemma 5.10 Let L € NExt(mHC) and M € NExt(K4). Then M is a monomodal
companion of L iff Alg(L) = pAlg(M).

Proof If L = pM, then Alg(L) = pAlg(M) by Theorem 5.9. Conversely, assume
Alg(L) = pAlg(M). By Theorem 5.3, if $ € Alg(L), then o9 € Alg(M). So,I'/A € L
iff T(T'/A) e M. |

Now to the main results of this section. First, we prove that the monomodal
companions of any sim-rule system form an interval.

Theorem 5.11 (Interval Theorem) LetL € NExt(mHC). The monomodal compan-
ions of L form an interval in NExt(K4), where the least and greatest companions are
given by tL and oL.

Proof By Theorem 5.9, it suffices to show that M is a monomodal companion of L
iff cAlg(L) € Alg(M) < tAlg(L). Assume M is a monomodal companion of L. By
Theorem 5.10 we have Alg(L) = pAlg(M), so clearly Alg(M) < tAlg(L). To see that
oAlg(L) C Alg(M), it suffices to show that every skeletal element of cAlg(L) belongs
to Alg(L). Let M € oAlg(L) be skeletal. Then pM € Alg(L) by Theorem 5.5. So,
there must be N € Alg(M) such that pIt = pI. This implies o pMN = opMt = M. By
Theorem 5.3, we conclude Mt € Alg(M).

Conversely, assume cAlg(L) € AlgM) C tAlg(L). By Theorem 5.3, it follows
that poAlg(L) = Alg(L), so pAlg(M) 2 Alg(L). But by the definitions of p, T we
have pAlg(M) = ptAlg(L), so also pAlg(M) C Alg(L). By Theorem 5.10, it follows
that M is a monomodal companion of L. O

Second, we prove the following analog of the Blok-Esakia theorem, which yields
the Kuznetsov-Muravitsky isomorphism as a special case. It was announced by
Esakia [13]. We refer to it as an Esakia theorem.

Theorem 5.12 (Esakia Theorem for sim-Rule Systems) The map o and the
restriction of p to NExt(K4.Grz) are mutually inverse complete lattice isomor-
phisms between NExt(mHC) and NExt(K4.Grz).

Proof 1t suffices to show that the semantic maps o : Uni(fHA) — Uni(K4.Grz)
and p : Uni(K4.Grz) — Uni(fHA) are complete lattice isomorphisms and mutual
inverses. Both maps are evidently order-preserving, and preservation of infinite joins
follows from Theorem 5.5. Let U € Uni(K4.Grz). Then i/ = opU by Theorem 5.8,
so o is surjective and a left inverse of p. If V € Uni(fHA), then pold = U by
Theorem 5.2, so p is surjective and a left inverse of o. Thus, o and p are mutual
inverses, and therefore must both be bijections. O

Corollary 5.13 (Kuznetsov-Muravitsky Isomorphism for sim-Rule Systems)
The restriction of o to NExt(KM) and the restriction of p to NExt(GL) are mutually
inverse complete lattice isomorphisms between NExt(KM) and NExt(GL).
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Proof The corollary follows from the observation that cKM = GL. We know that
oKM C GL from Theorem 5.6. For the other direction, it is enough to observe that
every skeletal GL-space is of the form o X for some KM-space X. O

We note that both Theorems 5.12 and 5.13 remain true when restricted to lattices 947
of logics only. 948

Corollary 5.14 (Esakia Theorem for sim-Logics) The restriction of the mappings 949
o and p to NExtL(mHC) and NExtL(K4.Grz) respectively are mutually inverse 950
complete lattice isomorphisms between NExtL(mHC) and NExtL (K4.Grz). 951

Proof By construction, o and p preserve the property of being a logic. Given 952
Theorem 5.12, the restrictions of o and p to logics are mutual inverses, so it suffices 953
to show that they commute with meets and joins. For joins, this is obvious, as the 954
join of two logics is a logic. For meets, we show that o commutes with Taut. For if os5

this condition holds, we may reason as follows: 956
o (L QpxtLauc) L) = o(Taut(L Qgxtauc) L)) by Theorem 2.1
= Taut(o(L ®Ext(mic) L))
= Taut(oL ®gxt(mac) ol”) by Theorem 5.12
= oL QgxtL(mic) oL by Theorem 2.1.

Indeed, since o is order-preserving and Taut(L) € L we have o Taut(L) C oL. Since
Taut is also order-preserving and Taut(ocTaut(L)) = oTaut(L), also oTaut(L) <
Taut(oL). Likewise, pTaut(M) < Taut(pM) for every M € NExt(K4). Together, the
last two claims imply oL C o Taut(L). |

Corollary 5.15 (Kuznetsov-Muravitsky Isomorphism) The restriction of o to es7
NExtL(KM) and the restriction of p to NExtL(GL) are mutually inverse complete 958

lattice isomorphisms between NEXtL(KM) and NExtL(GL). 959
Proof Follows from Theorem 5.14 the same way Theorem 5.13 follows from
Theorem 5.12. a
6 Translations of Pre-stable Canonical Rules 960

In this last section, we characterize the translation 7 in terms of pre-stable canonical g6t
rules. We then apply our characterization to establish a few more results: the o2
announced strengthening of Theorem 3.20 concerning pre-filtrations of Magari 963
algebras, and two preservation theorems concerning the mapping o. For the gs4
remainder of the paper, we focus only on sim-rule systems above KM, since our ges
axiomatizations in terms of sim pre-stable canonical rules do not extend below KM. gs6
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6.1 Classicization and the Rule Translation Lemma

The main difference between sim and clm pre-stable canonical rules is that the
former have two domains, while the latter have one. We can get by with having a
single domain in the clm case because [J" is a compound operator, defined in terms
of (J. When constructing a pre-filtration of a clm-rule T'/A, if Ot € Sfor(T'/A),
then also Cg € Sfor(I'/A). So, the way we make sure that (1 ¢ receives the same
valuation in the filtration as in the original model is simply by making sure that [g
does.

The translation T associates — with (07 and X with [J. However, — is not
defined in terms of XI. We thus need to keep track of when — and X need to be
fully preserved separately; syntax is of no help. This generates a problem: how do
we turn the two domains in 7(F, D) into one to transform the latter into a c/m pre-
stable canonical rule, given that there are no obvious connections between the two
domains?

The solution to this problem is to restrict attention to a particular kind of sim
pre-stable canonical rules, in which D= has a natural embedding into DE. The
correspondence ensures that when checking the refutability of such rules, we need
only verify that the witnessing pre-stable surjection satisfies the BFCE for DL,

Definition 6.1 A sim pre-stable canonical rule n($, D) is classicizable when
(a,b) € D™ impliesa — b € DY,

Dually, (&, D) is classicizable when (a) N —B(b) € D~ implies {<(B(a) N
—B(b)) € DF.

Lemma 6.2 Let X,9) be GL-spaces and let f : X — 9 be a pre-stable map
satisfying the BECR for a domain of the form € := {Jg+d : d € D}, with D any
domain on ). Then f also satisfies the BECR for ©. Moreover, the claim remains
true if we let X, ) be KM-spaces and substitute T for R and < for RT.

Proof Take d € D and x € X. For the “back” condition, suppose there is y € d
with Rf(x)y. Then y € | g+d. Since f satisfies the BFC for €, there must be
z € f~YUg+d) with Rxz. By the properties of GL-spaces, we may assume Z is
maximal in f ~'({ g+D). By Theorem 3.11 we have

max(f~ (U g+0)) = £~ (max(§ g+v))
= £~ (max(v))
c ),

and we are done.

For the “forth” condition, suppose there is y € f~!(d) with Rxy. Then y €
F 1 (U g+D). Since f satisfies the BFC for &, there must be some z € g+ such
that Rf (x)z. By the properties of GL-spaces, we may assume that z € max({ g+d) =
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max(d) € b, and we are done. The argument is completely analogous in the case of
KM-spaces. ad

Lemma 6.3 Let (¥, D) be a classicizable sim pre-stable canonical rule. A KM- 998
space X refutes (&, D) iff there is a pre-stable surjection f : X — § satisfying the 999
BFCE for DF. 1000

Proof The left-to-right direction is obvious and the right-to-left direction follows
from Theorem 6.2. O

It turns out that we can always restrict attention to classicizable rules without loss 1001
of generality. 1002

Theorem 6.4 Every sim-rule I'/ A is equivalent, over KV, to finitely many classiciz- 1003
able sim pre-stable canonical rules. 1004

Proof The argument is essentially the same as that given in Theorem 4.5, with 1005
the following caveat. At the step where we pre-filtrate a countermodel of I'/A to 1006
construct a pre-stable canonical rule, using the construction from Theorem 3.16, 1007
start out by defining 1008

D¥:={(V(p) : Ky € O}U{V(p —> ¥) : ¢ — ¥ € Sfor(T/A)}.

Then run the rest of the construction exactly the same way. The rules obtainable
through this construction are evidently all classicizable. Moreover, the construction
yields only finitely many rules, since the size of any pre-filtration constructed via
this procedure still has a finite bound determined by "/ A. O

We can now characterize the translation 7. Let n(&, D) be a classicizable sim 1009
pre-stable canonical rule. We define the classicization (¥, ©) of n(F, D) by 1010
setting 1011

/“LO(%v D) = /"L(Jc&v Do)s

where D, := DE. 1012

We call a clm pre-stable canonical rule £ (&, D) classicized when § is a skeletal 1013
GL space and every d € D is a downset. It should be clear that £(F, D) is classicized 1014
precisely when it is the classicization of some sim pre-stable canonical rule. 1015

Lemma 6.5 (Rule Translation Lemma) Let 1(§, D) be a classicizable sim pre- 1016
stable canonical rule and let X be a GL-space. Then X = u.(&, D) iff X | 1017
T(n(3, D)). 1018

Proof We give only a proof sketch; more details can be found in [4], where a 1019
similar result is proved in a different signature. (=) Suppose X = T (n(F, D)). 102
By Theorem 5.5 this implies pX [~ n(F, D). So, there is a pre-stable surjection 1021
f : pX — § satisfying the BFC for D= and D~. Composing f and the cluster 1022
collapse map ¢ : X — pX yields a pre-stable surjection f o o : X — o that the 1023
BFC for . 1024
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(<) Suppose X = 1o (F, D). Then there is a pre-stable surjection f : X — o
that satisfies the BFC for ©. We define a map g : pX — & by setting g(o(x)) =
f(x). This is well defined: since o is skeletal, elements of X that belong to the
same cluster have the same image under f. Clearly, g is pre-stable, surjective, and
satisfies the BFCE- for D&, By Theorem 6.2, it also satisfies the BFC= for D=. 0O

6.2 Application: Pre-filtrations of Magari Algebras

We now establish the strengthening of Theorem 3.20 announced earlier. We will
build pre-filtrations of models based on Magari algebras by taking a detour through
frontons. Given a valuation V with the right shape on a Magari algebra i, we will
first extract a finite fronton from p9t, then define a pre-filtration of (9, V') based on
api.

Lemma 6.6 Let M, N be Magari algebras. Let E C N be such that if a € E, then
a = N{—a; vaj: (i j) € l} for some finite I, with a;,a; € O+t (M) for every
@i, j) € 1. Let

D= |J{~ai vaj: i j) € L)

acE

If a pre-stable embedding h : t — I satisfies the BDCH for D, then it satisfies the
BDCH for E as well.

Proof Leta € E and reason as follows:
h(@a) = h(@ N{-ai v a; : (. j) € L)

) 2 h(/\{D(—-ai vaj):(,j) el

= N\h@Q(=a; v a)) : (. j) € 1)
= N\ (Oh(=a; v aj) : G, j) € L}

=0 Alh(=a; vaj): G j) € L}

= Uh(a). |

Theorem 6.7 Let M be a Magari algebra. If M = T'/A, then there is a model
(M, V) that refutes T /A and has a pre-filtration (R, V') through Sfor(T'/ A) based
on a Magari algebra .

Proof Assume Mt [~ I'/A. Then, by Theorem 5.7, also opt [~ I'/A. Let W be
a valuation on opM witnessing this fact. Define a valuation V on Mt by setting

1025

1026
1027
1028
1029
1030

1031
1032
1033

1034
1035

1036

1037
1038
1039

1040
1041



Author's Proof

Pre-filtrations, Pre-stable Canonical Rules 289

V(p) := o "(W(p)) for all p € Prop (recall that, by duality, o~! coincides with 1042

the canonical embedding of o pMt into Nt.) 1043
We claim that every a € V[Sfor(I'/A)] is of the form 1044
a= /\ —a; Vaj,
(i, )ela

with each I, finite and a;, a; € O (M) for each (i, j) € I,. This follows from the 1045
fact that opMt is skeletal and every element of V[Sfor(I'/A)] is of the form o 1 (b) 104
for some b € opI. We fix one such decomposition for every a € V[Sfor(I'/A)]. 1047

Now, define: 1048
By :={ai,a; : (i, j) € I}, Co:={—a;Vvaj:(j) el
B :={B,:a=V(p),p € Sfor(T'/A)}, C:={Cqs:a=V(p),
¢ € Sfor(T'/A)},
§9 = U{@(—'ai vaj): (@, j) e ) for® e {OF, O},

§O = JISQ :a =V(p), and Op. ¢ € Sfor(I'/A)} for © € {OF, O}

Think of each a as constructed from quasi-opens in three steps. We start from the 1049
quasi-open “building blocks” of a. These are the elements of B,. Then, the index 1050
set I, gives instructions on how to combine the quasi-open building blocks into 1051
cells, where the cells are elements of the form —a; Vv a; with (i, j) € I,. These 1052
are the elements of C,. Finally, the cells are combined via conjunction to obtain 1053
a. With this picture in mind, each set S contains all the ®-necessitations of the 1054
cells of a. We put in S© precisely the ®-necessitated cells of those elements a with 10s5
a,®a € V[Sfor(I'/A)]. 1056

Let A := BU S U S and for a € V[Sfor(I'/A)] define 1057

Da_) = {(ai’aj):(iaj)EIa}ﬂ
D2 = (0" (~a; v a;) : (i, j) € I},
D™ = J(D; :a=V(p)andOgp, ¢ € Sfor(l'/A)},

p¥ .= LJ{D{;E ca = V(p) and O, ¢ € Sfor(I'/A)}.

Requiring (g, ¢ € Sfor(I"/A) in the definition of D™, instead of (¢, ¢, ensures 1058

that OF (—a; v aj) € DY iff (aj, aj) € D7 ; this will be important later. 1059
We use the construction from the proof of Theorem 3.16 to construct a finite 1060
fronton & with the following properties: 1061

1. K is a bounded sublattice of p9t generated by a finite superset of A; 1062
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2. The inclusion embedding C: & — pMt satisfies the BDC for D := (D7, Dg).

To do this, we enumerate DY .— by, ..., b, and construct a finite sequence
(Ro, ..., K,) of bounded sublattices of pMi. Here K is the bounded sublattice of
pM generated by A and K;4 is obtained from &; by adding complements in the
Boolean sublattice [b;+1, Xb;11] to all elements of &;, then generating a bounded
sublattice of oMt from the result.

The inclusion embedding witnesses p9t = n(K, D). By choice of D, moreover,
n(K, D) is classicizable. So, by Theorem 6.5, cpIM = (K, D). Let h : o] —
opM be a pre-stable embedding witnessing this fact. Since op is a subalgebra of
9N, this yields a pre-stable embedding k : o) — 9t that satisfies the BDC for D,.

Define a valuation V' on o by putting V/(p) = k~'(V(p)) when p €
Sfor(I'/ A), and arbitrary otherwise. Note that o is generated by a finite superset of
the set V'[Sfor(I'/A)] as a Boolean algebra. Consider the domain E := {V (¢) :=
O¢ € Sfor(T'/A)}. Note a € E implies a = AU for some U < D. So, by
Theorem 6.2, k satisfies the BDC for E. We have thus established that the model
(], V') is a pre-filtration of (M, V) through Sfor(I'/A). m|

The result just established allows us to axiomatize every clm-rule system above
GL entirely in terms of classicized pre-stable canonical rules.

Theorem 6.8 Every clm-rule I'/ A is equivalent, over GL, to finitely many classi-
cized clm pre-stable canonical rules.

Proof Consider all the pre-filtrations (!, V') of countermodels (M, V) of I'/ A that
can be obtained via the construction used in the previous theorem, identified up
to isomorphism. Let ® be the corresponding set of c/m pre-stable canonical rules
wo(R, D), with D := (D%, D). By choice of D¥, D™, the rule n(K, D) is
classicizable, hence (R, D) is well defined.

By the properties of pre-filtration, a Magari algebra 9t refutes I'/ A iff it refutes
some [, (], D) € ®. By compactness, then, there must be a finite subset ¥ C ¢
such that a Magari algebra 9t refutes I'/ A iff it refutes some o, (], D) € W. m|

Note that the proof just given is less constructive than that of Theorem 4.5, in that
we are not able to explicitly give an upper bound to the size of W. This is because,
in the proof of Theorem 6.7, the size of the set generating & depends not only on
Sfor(I"/A), but also on properties of the specific countermodel we are pre-filtrating.

6.3 Application: Preservation Results

In this last section, we prove that the mapping o, above KM, preserves Kripke
completeness and the finite model property.

Lemma 6.9 Let X be a Kripke frame for a sim-logic L € NExt(KM). Then oX is a
Kripke frame for oL.
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Proof By Theorem 5.5, oX validates every rule T(I'/A) for '/A € L, and by
Theorem 2.9 it is also a GL-frame. Given Theorem 5.6, this suffices to conclude that

oX is a Kripke frame for oL. O

Theorem 6.10 (Cf. [30, Prop. 23]) Let L € NExt(XM). 1091
1. L is Kripke complete iff TL is Kripke complete. 1092
2. L has the finite model property iff TL has the finite model property. 1093

Proof Recall that T and o coincide above KM and GL (Theorem 5.6). So, it suffices 1094
to prove the version of the theorem obtained by substituting o for 7. 1095
Kripke completeness. (<) Assume oM is Kripke complete. Suppose L t/ T'/A. 109
Then oL t# T(I'/A). So, there is a Kripke frame X for oL such that X = T(I'/A). 1097
By Theorem 5.5, we have pX [~ I'/A. Since, by Theorem 5.5 once more, pX is a 1098
Kripke frame for L, we are done. 1099
(=) It suffices to show that for every clm pre-stable canonical rule w (%, D), if 1100
oL F (3, D), then there is a Kripke frame for oL that refutes (¥, D). So suppose 1101
oL ¥ w(&, D). Then there is a modal space X for oL that refutes u (¥, D). By 1102
Theorem 6.8, there is a finite set ® of classicized clm pre-stable canonical rules 1103
whose conjunction is equivalent to © (%, D) over GL. Since X is a GL-space, there 1104
must be some o (®, €) € O with X = 1, (®, €). By Theorem 6.5 and Theorem 5.5, 1105
it follows that pX € Spa(L) refutes n(®, €). Since L is Kripke complete, there is a 1106
Kripke frame %) for L that refutes n(®, €). Then 0% is a Kripke frame for o L, by 1107
Theorem 6.9. By Theorems 6.5 and 5.5 once more, we have o) ~ 1o(®, €), which 1108
in turn implies 7 (g, D). 1109
For the finite model property, we reason exactly as we just did, noting that if a
clm Kripke frame X is finite, then so is pX, and a sim Kripke frame 9) is finite only
if 09) is. O

7 Conclusion 1110

In this paper we developed the technique of pre-stable canonical rules for the 1111
Kuznetsov—Muravitsky system KM and classical modal logics above K4. We applied 1112
these rules to obtain alternative proofs of the Kuznetsov—Muravitsky isomorphism 1113
and the Esakia theorem, as well as of some preservation results. 1114

There are several possible directions for further research. One would be to 1115
investigate the impact that the technique of pre-stable canonical rules could have 1116
on the logic KM. One could try to develop a theory of pre-stable logics for KM, in 1117
analogy with the theory of stable logics from [2, 3]. Similarly, it would be interesting 1118
to obtain concrete axiomatizations of extensions of KM via pre-stable canonical rules. 1119

It would also be natural to explore the potential impact of the method of pre- 1120
stable canonical rules on other intuitionistic modal logics. The technique of stable 1121
canonical rules for intuitionistic modal logics has already been applied by [23] and 1122
[26]. However, pre-stable canonical rules might be applicable in cases where stable 1123
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canonical rules are not—for example, in certain logics that resemble KM. We leave 1124
this as an open-ended question for future work. 1125

Finally, it be would interesting to explore whether algebra-based rules can be 1126
developed for all extensions of mHC, as opposed to only extensions of KM. This would 1127
allow us to extend the preservation results from Sect. 6 to extensions of mHC. 1128
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but all its proper subvarieties do. For example, a description of the prelocally finite
subvarieties of a variety V often yields a full characterization of the locally finite
subvarieties of V (see, e.g., [6, Sec. 12.4 and Thm. 17.7]).

It turns out that there exists a continuum of prelocally finite varieties of Heyting
algebras [17], which makes the classification of locally finite varieties of Heyting
algebras a very difficult problem. In contrast, in the modal case there exists only
one prelocally finite subvariety of the variety of S4-algebras, namely, the variety
Grz.3. As a consequence, local finiteness is decidable for (finitely axiomatizable)
varieties of S4-algebras [15, 16] (see [6, Sec. 12.4 and Thm. 17.7]). However, for
varieties of Heyting algebras the decidability of the local finiteness problem remains
open (see [6, Problem 17.2]).

Kuznetsov also showed that every prelocally finite variety of Heyting algebras
is a subvariety of the variety KC axiomatized by the weak law of excluded middle
—pV—=p [7]. Bezhanishvili and Grigolia [2], asked whether a variety V of Heyting
algebras is locally finite if and only if every 2-generated V-algebra is finite. This
problem was instigated by the fact that all the known counter-examples for non-
local finiteness in varietes of Heyting algebras were already obtained for 2-generated
algebras (for K4 and S4-algebras it is known that 1-generated algebras suffice [16]
(see also [6, Sec. 12.4]). This problem was solved in the negative by Hyttinen et
al. [10] who, for each n € N, constructed a variety V,, of Heyting algebras whose n-
generated algebras are finite, yet V,, contains an infinite (n + 1)-generated algebra.
On the positive side, Bezhanishvili and Grigolia showed that a nontrivial variety
V of Heyting algebras is locally finite iff it is the variety of Boolean algebra or it
contains the three-element A chain and every coproduct of finitely many copies of
A in V is finite [2, Thm. 2.3].

In this paper, we focus on local finiteness in varieties of Heyting algebras of
bounded width. We recall that a variety of Heyting algebras has width < n when it
is generated by algebras whose prime spectra do not feature any antichain of n + 1
elements with a common lower bound [21]. While undeniably restrictive, the focus
on varieties of width < n is motivated by the fact that some of the simplest and
better known failures of local finiteness for varieties of Heyting algebras occur in
this context. For instance, the free one-generated Heyting algebra, known as the
Rieger-Nishimura lattice [18, 20] (see also [3, Sec. 4.1.1]), is infinite and, therefore,
generates a non-locally finite variety. Owing to the fact that the prime spectrum of
the Rieger-Nishimura lattice contains no three-element antichains [3, Sec. 4.3], this
variety is also of width < 2.

It is shown in [3, Sec. 4.6] that for the Kuznetsov and Gerciu variety KG, which
is an important variety of Heyting algebras of width < 2 introduced in [14], local
finiteness is decidable. Furthermore, a variety of KG-algebras is locally finite if and
only if its 2-generated members are finite. The key observation is that the variety
generated by the Rieger-Nishimura lattice with a new bottom element (which is
a 2-generated Heyting algebra) generates the only prelocally finite variety of KG-
algebras. We conjecture that the variety generated by the Rieger-Nishimura lattice
with a new bottom element is also the only prelocally finite in all varieties of width

< 2 and that the local finiteness problem is decidable for these varieties. We hope
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that the results presented in this paper will form a basis for addressing this problem,
in the spirit and legacy of Professor Kuznetsov’s work.

More concretely, we provide a criterion for local finiteness in the setting of
varieties of Heyting algebras of width < n (Theorem 18) with a special emphasis on
varieties of width < 2 (Theorem 25). Our main tool is a description of locally finite
varieties of Heyting algebras in terms of the “colorability” of infinite sequences of
finite posets (Theorem 14). This is made possible by two ingredients: finite Esakia
duality on the one hand [8] and a characterization of finitely generated Heyting
algebras in terms of colorings of their prime spectra on the other [9], see also [3,
Sec. 3.1]. Our criterion for local finiteness in varieties of bounded width simplifies
the usage of colorings by restricting the attention to colored posets whose colored
halves are of negligible size, thus shifting the structural complexity to the colorless
parts.

2 Preliminaries

2.1 Posets

Let X = (X; <) be a poset. Given ¥ C X, the sets of minimal (resp. maximal)
elements of the subposet of X with universe ¥ will be denoted by min(Y) (resp.
max(Y)). If X has a minimum, we say that X is rooted and call its minimum the
root of the poset. Given Y C X, let

1XY := {x € X : there exists y € ¥ such that y < x};

1XY = {x € X : there exists y € Y such that x < y}.

When the poset X is clear from the context, we will write 1Y and | Y instead of
+Xy and | XY. Moreover, when ¥ = {x}, we will write 1x and |x instead of 1{x}
and | {x}. AsetY C X is said to be an upset (resp. downset) of X when Y = 1Y
(resp. Y = | Y). The set of upsets of X will be denoted by Up(X).

Let x,y € X. We write x < y to indicate that x is an immediate predecessor
of y (or, equivalently, that y is an immediate successor of x), i.e., that there exists
no z € X such that x < z < y. We say that x and y are comparable when either
x < yory < x.If x and y are not comparable, we call them incomparable and
write x || y. Aset Y C X is said to be an antichain (resp. a chain) in X when
its elements are pairwise incomparable (resp. comparable). We will make us of the
following simple observation on finite poset.

Theorem 1 Let {X,, : n € N} be a family of posets whose antichains have size

< m for some m € N. Assume that for every k € N there exists n € N such that
k < | Xyl Then for every k € N there exists n € N such that X,, contains a chain of
k elements.
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2.2 Finite Esakia Duality 99

A structure (A; A, V, —, 0, 1) is said to be a Heyting algebra [1, 6, 8, 19] when 100
(A; A, Vv, 0, 1) is a bounded lattice and for every a, b, ¢ € A, 101

aANb<c < a<b—c.

We denote the category of finite Heyting algebras with homomorphisms between 102

them by HA®. 103
A map p: X — Y between posets is said to be a p-morphism when it is order 104
preserving and forevery x € X and y € Y, 105

if p(x) < vy, there exists z € X such that x < zand y = p(z2).
We denote the category of finite posets with p-morphisms between them by Pos®. 106
Finite Esakia Duality establishes a dual equivalence between HA® and Pos® [8]. 107
More precisely, let A be a finite Heyting algebra. A set F C A is a prime filter of A 108
when it is a nonempty proper upset such that for all a, b € A, 109
(a,be F=—=aAbeF) and (avbe F=—=aecForbekF).
We denote the set of prime filters of A by Pr(A). Now, for each a € A let 110
ya(a) ={F € Pr(A) :a € F}.
Then the triple A, := (Pr(A); C) is a finite poset. Furthermore, given a homo- 111

morphism h: A — B between finite Heyting algebras, the map h,: B, — A, 112
defined by the rule 44 (F) = h~'[F] is a p-morphism between finite posets. The 113

transformation (—)4: HA® — Pos® is a contravariant functor. 114
On the other hand, given a finite poset X, the structure X* := (Up(X); N, U, — 115
, @, X), where for every U, V € Up(X) we have 116

U—-V={xeX:foreveryye Xifx <yeU,theny eV},

is a finite Heyting algebra. Moreover, given a p-morphism p: X — Y between 117
finite posets, the map p*: Y* — X* defined by the rule p*(U) = p~'[U] 18
is a homomorphism between finite Heyting algebras. Lastly, the transformation 119
(=)*: Pos” — HA? is a contravariant functor. 120

Finite Esakia Duality 2 The functors (—), and (—)* witness a dual equivalence 121
between the categories HA® and Pos®. 122



Author's Proof

Local Finiteness and Colorings 299
2.3 Kernels of p-Morphisms

The kernel of a function p: X — Y is the set

{(x,y) e X x X :pkx)=pO}

Kernels of p-morphisms between finite posets can be described as follows. Let X be
a finite poset. An E-partition on X is an equivalence relation R on X such that for
every x,y,z € X,

if (x, y) € R and x < z, there exists v € X such that (z, y) € Randy < v.

Given an E-partition of X, the quotient X/R can be viewed as a poset whose order
relation is defined as follows:

x/R<y/R <= x' <y forsomex’ € x/Randy € y/R.

Proposition 3 [3, Lem. 2.3.9] Let R be a binary relation on a finite poset X. Then
R is an E-partition of X if and only if it is the kernel of a surjective p-morphism
p: X — Y for some poset Y, in which case Y = X/R.

Example 4 Let X be a finite poset and U € Up(X) nonempty. Assume that for
every x € X there exists y € U such that x < y. Then the relation

R={{x,y) e X x X :eitherx =yorx,y € U}

is an E-partition of X. Moreover, let Y be the poset obtained by adding a maximum
T to the subposet of X with universe X — U. Then the map p: X/R — Y defined
by the rule

T ifxeU;

R) =
PEx/R) {x ifx ¢ U

is an isomorphism. O
Let X be a poset. A pair of distinct elements x, y € X is said to be:

(i) «-reducible when tx = {x} U 1y;
(i) B-reducible when tx — {x} = 1ty — {y};
(iii) reducible when it is either «-reducible or 8-reducible.

Notably, if X is a finite poset and x, y € X a reducible pair, the least equivalence
relation R on X containing (x, y) is always an E-partition of X. A surjective p-
morphism p: X — Y between finite posets is said to be a reduction when its
kernel is the least equivalence relation on X containing (x, y) for some reducible
pairx,y € X.
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Proposition 5 [3, Lem. 3.1.7] Every surjective p-morphism between finite posets is
either an isomorphism or a composition of reductions.

Corollary 6 Let R be an E-partition of a finite poset X. If R is not the identity
relation on X, there exists a reducible pair x, y € X such that (x,y) € R.

Proof As R is an E-partition of X, the canonical map p: X — X/R is a surjective
p-morphism by Proposition 3. Moreover, p is not an isomorphism because R is
not the identity relation on X. Consequently, we can apply Proposition 5, obtaining
that p is a composition of reductions. Since R is the kernel of p, we conclude that
(x, ¥) € R for some reducible pair x, y € R. O

A class of algebras is said to be a variety when it is closed under homomorphic
images, subalgebras, and direct products. In view of Birkhoff’s Theorem, varieties
coincide with the classes of algebras axiomatized by equations (see, e.g., [S, Thm.
I1.11.9]). We will rely on the following observation (see, e.g., [3, Thm. 2.3.7]).

Proposition 7 Let V be a variety of Heyting algebras and X a finite poset such that
Up(X) € V. Then the following conditions hold:

(1) if U € Up(X), then Up(U) € V;
(i1) if R is an E-partition of X, then Up(X/R) € V.

2.4 Bounded Width

In the context of Heyting algebras, the notion of width was first introduced in [21].

Definition 8 Letn € N. A poset X is said to have width < n when for each x € X
the antichains in 1x have size < n.

For every n € N let

bw, = \"/ (xm — \/ Xk)-

m=0 k#m

When an equation ¢ = 1 is valid in a Heyting algebra A, we write A F ¢. Finite
posets with width < n can be described as follows [21] (see also [6, Ex. 2.11]).

Theorem 9 Let X be a finite poset and n € N. Then X has width < n if and only
if Up(X) F bwy,.

The notion of “having width < n” can be extended to varieties of Heyting
algebras. To explain how, given a class K of Heyting algebras, we write K £ bw,
when A F bw, forevery A € K.
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Definition 10 Let V be a variety of Heyting algebras. Given n € N, we say that V
has width < n when V F bw,.. Moreover, V is said to have bounded width when it
has width < n for some n € N.

3 Finite Generation and Colorability in Bounded Width

Given a Heyting algebra A and X € A, we denote by SgA (X) the subuniverse of A
generated by X. We say that A is n-generated with n € N when there exists X C A
such that |[X| < nand A = SgA(X ). For Heyting algebras, the property of being
n-generated can be described in terms of the colorability of posets, as we proceed
to recall. Although we shall restrict our discussion to the finite case, similar results
hold for infinite Heyting algebras as well (see, e.g., [3, Sec. 4.1]).

Definition 11 Let X be a finite poset and n € N. A family {U,, : 0 < m < n} C
Up(X) is said to be an n-coloring of X when there exists no reducible pair x, y € X
such that

xeU, < yeU,, foreachO <m < n. @))]

When there exists an n-coloring of X, we say that X is n-colorable.

Let X be a finite poset and U € Up(X). Notice that a pair x, y € U is reducible
in X iff it is reducible in the subposet of X with universe U. As a consequence,
n-colorings can be restricted to upsets in the following sense.

Proposition 12 Let {U,, : 0 < m < n} be an n-coloring of a finite poset X. For
every V € Up(X) the family {U, NV : 0 < m < n} is an n-coloring of the subposet
of X with universe V.

The following is a special case of [3, Thm. 3.1.5].

Theorem 13 Let X be a finite poset and n € N. Then Up(X) is n-generated iff X
is n-colorable.

Proof 1t is known that Up(X) is n-generated iff there exist {U,, : 0 < m < n} C
Up(X) such that for every E-partition R of X other than the identity relation there
exist distinct x, y € X satisfying (1) such that (x, y) € R (see, e.g., [3, Thm. 3.1.5]).
The latter is equivalent to the demand that X is n-colorable by Corollary 6 and the
fact that the least equivalence relation on X containing (x, y) is an E-partition for
each reducible pair x, y € X. m]

A variety is locally finite when its finitely generated members are finite. Locally
finite varieties of Heyting algebras admit a transparent description in terms of
colorability.
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Theorem 14 A variety V of Heyting algebras is locally finite if and only if for each
n € N, up to isomorphism, there exist only finitely many n-colorable finite rooted
posets X such that Up(X) € V.

Proof This is a rephrasing of [4, Thm. 4.3], made possible by Finite Esakia
Duality 2 and the fact that a finite poset X is rooted iff Up(X) is finitely subdirectly
irreducible [3, Thm. 2.3.16], where the latter means that the identity relation on
Up(X) is meet irreducible in the lattice of congruences of Up(X) (see, e.g., [5,
Thm. I1.8.4]). O

Our aim is to present a characterization of locally finite varieties of Heyting
algebras of bounded width, which improves Theorem 14 in this more restricted
setting. To this end, it is convenient to introduce the following concept.

Definition 15 Let ¢ = {U,, : 0 < m < n} be an n-coloring of a finite poset X. An
element x € X is said to be

(i) colored relative to ¢ when x € U,, for some 0 < m < n;
(i) colorless relative to ¢ when it is not colored relative to c.

The set of elements of X that are colored (resp. colorless) relative to ¢ will be called
the colored half (resp. colorless half) of X relative to c. Lastly, for every M C {m :
0<m<n}let

M (X) :={x € X : forevery 0 < m <n we have x € Uy, iff m € M}.

We will make use the following observations.

Proposition 16 Let ¢ be an n-coloring of a finite poset X. The set of elements of X
that are colorless relative to c is a downset of X.

Proof Immediate from the fact that every U € c is an upset of X. O

Proposition 17 Let ¢ be an n-coloring of a finite poset X and x € X. If there exists
y € X such that x < y and y is colorless relative to c, then x has at least two
immediate successors.

Proof Since x < y and X is finite, there exists z € X such that x < z < y.
As y is colorless relative to ¢, the elements x and z are colorless relative to ¢ as
well. Therefore, the assumption that ¢ is an n-coloring of X guarantees that the pair
Xx < z is not a-reducible. As X is finite, this implies that there exists an immediate
successor of X other than z. O

The main result of this section is the following description of locally finite
varieties of Heyting algebras of bounded width.

Theorem 18 Let V be a variety of Heyting algebras and assume V' has bounded
width. Then V fails to be locally finite if and only if there exist n € N and a sequence
{Xm : m € N} of finite rooted posets satisfying the following conditions:

(i) for every m € N there exists an n-coloring c,, of X, and Up(X,,) € V;
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(ii) there exists k € N such that for every m € N the colored half of X,, relative to
¢ has size < k;

(iii) for every k € N there exists m € N such that the colorless half of X,, relative
to ¢, has size > k.

Proof To prove the implication from right to left, suppose that there exist n € N
and a sequence {X,, : m € N} of finite rooted posets satisfying (i), (ii), and (iii).
From (iii) it follows that for every k € N there exists m € N such that k < | X,,].
As {X,, : m € N} is a family of finite posets, this implies that there exists an
infinite / € N such that the members of {X,,, : m € I} are pairwise nonisomorphic.
Together with (i) and the assumption that each X, is finite and rooted, this allows
us to apply Theorem 14, obtaining that V is not locally finite.

Next we prove the implication from left to right. Suppose that V fails to be locally
finite. In view of Theorem 14, there exist n € N and a sequence {X,, : m € N} of
pairwise nonisomorphic finite rooted posets such that for every m € N there exists
an n-coloring ¢;, of X,, and Up(X,,) € V. For each m € N fix an enumeration

cm ={U" : 0 <i <nj.

As {X,, : m € N} is an family of pairwise nonisomorphic posets, there exists no
k € N such that | X,,| < k for every m € N. Consequently, there exists M C {i :
0 < i < n} satisfying the following condition:

(C1) forevery k € N there exists m € Nsuch that k < M., (X,,)].

As {i : 0 < i < n}is a finite set, we may also assume that M is maximal among
the subsets of {i : 0 < i < n} be a set satisfying (C1). For every m € N and
x € M., (X,) let Y, be the subposet of X, with universe 1x.

Claim 19 Letm € Nand x € M., (X,,). Then Y, is a finite rooted poset and
Up(Y;) e V.
O

Proof of the Claim Since Y, is a subposet of the finite poset X,,, we obtain that
Y} is finite as well. Moreover, Y, is rooted by definition. Lastly, recall that
Up(X;,) € V by assumption. As Y,; is an upset of X, by definition, we can apply
Proposition 7(i), obtaining Up(Y,;) € V. O

Now, letm € Nand x € M,,,(X,,). Foreach 0 < k < n let
V= (U NY) — M, (Xp) and dy, = {V/"" :0<i <n).

The proof proceeds through a series of claims.

Claim 20 Letm € Nand x € M,

ew(Xm). Then y € U™ for every y € Y, and
ieM.

Proof of the Claim To this end, consider y € Y,; and i € M. Recall that x €
M., (X,,) by assumption. From x € M., (X,,) and i € M it follows that x € Uim.

m
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Moreover, x is the minimum of Y, by the definition of Y. Together with y € Y7,
this yields x < y. Since x € Ul.m and Ul.m is an upset of X,,, we conclude that
yeU". |

Claim 21 Letm € Nand x € M, (X,,). Then d;,, is an n-coloring of Y.

Proof of the Claim Recall that 4}, = {V""" : 0 < i < n}. We begin by showing
that d, is a family of upsets of ¥;;. Consider 0 < i < n. The definition of V"
guarantees that V;"** C Y% Then consider y, z € ¥,5 suchthaty € V""" and y < z.
By the definition of V" we have y € U/" N Y}, and y ¢ M, (X,). As y < z and
Ul.’" and Y, are upsets of X,, containing y, we obtain z € Uim N Y;. Therefore, to
conclude that z belongs to Vl.m’x = U"NY;)— M., (X;), it only remains to show
that z ¢ M., (X;,). From Claim 20 it follows that y € U}" for each k € M. Together
with y ¢ M., (Xp,), this yields that y € U]’." for some 0 < j < n suchthat j ¢ M.
As U]’." is an upset of X,,, and y < z, we obtain z € Uj’.”. Since j ¢ M, we conclude
z ¢ M, (X,) as desired. Hence, V""" is an upset of Y;5.

To prove that the family d;, of upsets of Y,; is an n-coloring of ¥}, consider a
reducible pair y,z € Y. As ¥;¥ is an upset of X,, by definition, the pair y, z is
also reducible in X,,. Since ¢,, = {Uim : 0 < i < n}isan n-coloring of X, by
assumption, there exists 0 < i < n such that y € U/" iff z ¢ U/". By symmetry we
may assume that y € U/" and z ¢ U/". To prove that d,, is an n-coloring of Y, it
suffices to show that

ye Vim,x and 7 ¢ Vlmx

From Claim 20 and z ¢ U/" it follows that i ¢ M. Since y € U/ andi ¢ M, we
obtain y ¢ M, (X,,). Thus, y € (U" NY;) — M, (X)) = V. On the other
hand, from z ¢ U/" and V;"* € U!" it follows that z ¢ V""", establishing the above
display. O

Claim 22 There exists k € N such that for every m € N and x € M., (X,,) the
colored half of ;) relative to d;, has size < k.

Proof of the Claim Suppose the contrary, with a view to contradiction. Then for
every k € N there exist m € Nand x € M., (X,,) such that the colored half of ¥}
relative to d;;, has size > k. As the colored half of each Y relative to d, is

UJiPa, (¥ : 0 # P liz0<i <n))

and there are only finitely many subsets of {i : 0 < i < n}, there exists a nonempty
P C{i:0< i < n}such that

for every k € N there exist m € Nand x € Y}, such that k < [Py, (¥;)]. 2)

We will prove that M C P. Since for every k € N there exist m € N and

=

x € Y; such that k < |Py, (Y,;)|, there also exist m € N and x € Y, such that
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Py, (Y;,) # 9. Then there exists y € Py, (Y,;). We begin by showing that M C P.
Consider i € M. From Claim 20 it follows that y € U/". Thus, y € U" NY;,.
We have two cases: either y € M., (X,;) ory ¢ M., (X,). We will show that
the case where y € M., (X,,) never happens. For suppose that y € M., (X;,). As
M, (X) is disjoint from Vi"* for every 0 < j < n, we obtain y ¢ V;"* for
every 0 < j < n. Together with y € Py, (Y})), this yields P = @, a contradiction
with the assumption that P is nonempty. Then y ¢ M., (X,,). Consequently, y €
ornyy) — M, (X,) = V" Since y € Py, (Y;), we conclude that i € P,
whence M C P. Therefore, to prove that M C P, it only remains to show that
M # P. Suppose, on the contrary, that M = P. As P # {J, there exists i € P.
Since y € Py, (Y;y), we have y € V""" C Y — M, (Xp). Thus, y ¢ M, (Xm).
Recall from Claim 20 that y € U7" for each j € M. Together with y ¢ Mc,,(Xm),
this guarantees that y € U]’.” for some 0 < j < n with j ¢ M. On the other
hand, j ¢ M = P and y € Py, (Y;) implies y ¢ V]m’x. However, we showed
thaty e U j’" — M., (X,) and by assumption we have y € Py, (¥;)) C Y; . Hence,
y € U NY) — M, (Xp) = VJ'."’X, a contradiction with y ¢ V]'."’x. Thus, we
conclude that M # P. This establishes that M C P.

Now, recall that M is maximal among the subsets of {i : 0 < i < n} satisfying
(Cl).Since P € {i : 0 <i < n}and M C P, it follows that P does not satisfy
(C1). Consequently, there exists k € N such that [P, (X,)| < k for every m € N.
To conclude the proof, it will be enough to show that Py, (Y;) < P, (X,) for
every m € N, for this is a contradiction with (2). To this end, consider m € N,
x € Py, (Y;) € X, and 0 < k < n. We need to prove that

keP < xeU.

First, suppose that k € P. Since x € Py, (Y;), we obtain x ¢ V,"* C U},
where the inclusion holds by the definition of Vkm . Then we consider the case
where k ¢ P. As x € Py, (YY), we have x ¢ V""*. Since x € Py, (Y;y) € Y,
the definition of V;"* yields that either x ¢ U}" or x € M., (X,»). To conclude the
proof, it only remains to show that x ¢ M., (X,,), for in this case we would obtain
x ¢ Uy as desired. As M C P, there exists i € P— M. The proof of the implication
from left to right in the above display shows that x € U;". Together with i ¢ M,

this yields x ¢ M., (X,,). O

Claim 23 For every k € N there exist m; € N and x; € Mcmk (Xm,) such that the
colorless half of Y,/ relative to dy/ has size > k.

Proof of the Claim Recall that V has bounded width by assumption. Therefore,
there exists p € N such that V F bw,. Moreover, let m € N and recall that
Up(X,,) € V by assumption. As V F bw,,, we can apply Theorem 9, obtaining that
X,n has width < p. Since X, is rooted by assumption, this implies that antichains
in X, have size < p. Consequently, antichains in M, (X,,) have also size < p.
Now, for each m € N we view M., (X,,) as a subposet of X,,. Therefore,
{M.,(X) : m € N} is a sequence of poset whose antichains have size < p.
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Together with (C1) and Theorem 1, this implies that for every k € N there exists
my € N such that M., (X,,) contains a chain of > k elements.
Then consider k € N and recall that Mcmk (X, ) contains a chain of k+1 elements

X < y1 < --- < Yk. Then observe that xg, y1,..., ¥V, € Txx = Y,f,’; Moreover,
V"N M, (X)) = @ for each 0 < i < n by the definition of V;"****. Together
with xg, y1,..., V% € Mcmk (Xm, ), this implies that xg, y1, ..., yx belong to the

colorless half of Y,’,i’;( relative to d,ﬂ‘k Consequently, the colorless half of Y,,);';( relative
to dy; has size >k + 1. O

Let {Y, : k € N} be the family of posets given by Claim 23. Recall from
Claim 19 that each Y,),Z’; is a finite rooted poset such that Up(Y,fl’i) € V. Furthermore,
dy is an n-coloring of Y, by Claim 21. Therefore, the family {V¥,} : k € N}
satisfies condition (7) in the statement. Finally, it also satisfies conditions (ii) and
(iii) by Claims 22 and 23, respectively.

4 Local Finiteness in Width Two

Definition 24 Let ¢ be an n-coloring of a finite poset X. An element x € X is said
to be strongly colorless relative to ¢ when there exist distinct y, z € X colorless
relative to ¢ such that x < y, z. The set of elements of X that are strongly colorless
relative to ¢ will be denoted by S.(X).

Since every U € c is an upset of X, every element of X that is strongly colorless
relative to c is also colorless relative to ¢. Our aim is to show that, in the setting of
varieties of width < 2, Theorem 18 admits the following improvement.

Theorem 25 Let V be a variety of Heyting algebras of width < 2. Assume that
is not locally finite. Then there exist n,t € N and a family {X,, : m € N} of finite
rooted posets satisfying the following conditions:

(i) for every m € N there exists an n-coloring ¢, of X, and Up(X,,) € V;
(1) for every k € N there exist m € Nand x,y,z € X,y withx < y,zand y | z
suchthaty,z € Sc,(Xm) and k < |{{y, z}| and [Ty, z}| < t.

To this end, we rely on the following observation.

Proposition 26 Let ¢ be an n-coloring of a finite rooted poset X of width < 2.
Then S.(X) is a downset of X.

Proof Consider x,y € X suchthat x < y € S.(X). Since y € S.(X), there exist
distinct u, v € X colorless relative to ¢ such that y < u, v. Asx < y € S.(X), we
can apply Proposition 17, obtaining that x has at least two immediate successors w
and z. As x < y and X is finite, we may assume that x < w < y. As y is colorless
relative to ¢ and w < y, from Proposition 16 it follows that w is also colorless
relative to c¢. Now, recall that u || v because y < u, v and u # v by assumption.
From u || v and the assumption that X is rooted and of width < 2 it follows that z it
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comparable with # or v. By symmetry we may assume that z is comparable with u.
Since x < y < u and x < z, we have u % z. As z and u are comparable, this yields
z < u. Together with Proposition 16 and the assumption that u is colorless relative
to ¢, this implies that so is z. Hence, w and z both colorless relative to c. Since they
are distinct and x < z, w by assumption, we conclude that x € S.(X). m|

We are now ready to prove Theorem 25.

Proof In view of Theorem 18, there exist » € N and a family {X,, : m € N} of
finite rooted posets satisfying the following conditions:

(L1) forevery m € N there exists an n-coloring c;, of X, and Up(X,,) € V;

(L2) there exists k € N such that for every m € N the colored half of X, relative
to ¢, has size < k;

(L3) for every k € N there exists m € N such that the colorless half of X}, relative
to ¢, has size > k.

We will show that the family {X,,, : m € N} and the colorings {c;, : m € N} given
by (L1) satisfy the conditions in the statement. Clearly, (i) holds by (L1). Therefore,
it only remains to prove (ii). To this end, for every m € N let

Cn = {x € Xy, : x is colorless relative to ¢, and x ¢ S, (X;)}.

We rely on the following series of observations.

Claim 27 There exists k € N such that C,, has size < k for every m € N.
O

Proof of the Claim Let k € N be such that for every m € N the colored half of X,,
relative to ¢, has size < k (such a k exists by (L2)). As each X, is a rooted poset
of width < 2, antichains in C,, have size < 2. Therefore, in view of Theorem 1, it
will be enough to show that chains in C,, have size < k 4 1 for every m € N.

Suppose the contrary, with a view to a contradiction. Then there exist m € N and
X1, ..., Xkt+2 € Cp such that

Xk+2 < Xkl < -0 < X[

On the one hand, since x; € C,,, we know that x is colorless relative to c¢;,. From
Proposition 16 it follows that so is every member of | x;. On the other hand, since
Xk4+2 € Se,, (Xm), we can apply Proposition 26, obtaining txx42 N Se,, (Xpm) = 0.
Together with the definition of C,,, this yields {x; N txx4+2 € Cp,. By the above
display and the fact that X, is finite, this guarantees the existence of y1, ..., Yk42 €
C,, such that

Yi+2 < YVk+1 <0 < Y1.

We will construct a family {z; : 1 <i < k+1} of pairwise distinct elements in the
colored half of X, relative to ¢;,, a contradiction with the assumption that this half
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has size < k. To this end, consider 1 < i < k + 1 and recall that y; ;1 < y; by the
above display. As y; is colorless (because y; € Cp,), we can apply Proposition 17,
obtaining that there exists z; € X,, such that y;41 < z; and y; || z;. Therefore,
Yi+1 < Yi, zi with y; # z; and y; is colorless relative to ¢, (because it belongs to
Cy). Since y;+1 € Cpy, this implies that z; is colored relative to c,,. Hence, we obtain
afamily {z; : 1 < i < k + 1} of elements in the colored half of X,, relative to c,.
It only remains to prove that they are pairwise different. Suppose, on the contrary,
that there exist 1 <i < j < k+ 1suchthatz; =z;. Theny; 11 < yiy1 < z; =z,
a contradiction with y; 11 < z;. o

Claim 28 For every k € N there exists m € N such that S.,, (X,,) has size > k.

Proof of the Claim In view of (L2) and (L3), it suffices to show that there exists
k € N such that |C,,| < k for every m € N. As the latter holds by Claim 27, we are
done. |

Claim 29 There exists k € N such that X,, — S, (X;,) has size < k for every
m € N,

Proof of the Claim Immediate from (L.2), Claim 27, and the definition of C,,.

We are now ready to prove (ii). Suppose, with a view to contradiction, that there
exists k; € Z™ such that for every m € Nand x,y,z € X,, with x < y, z and
vyl zand y,z € S, (Xm) we have |[{y, z}| < k;. Let also k, € Z™ be such that

m — Se,, (Xm) has size < ky for every m € N (such a kp exists by Claim 29).
To reach a contradiction, it will be enough to show that for every m € N chains in
S¢,, (X;n) have size < ki + kp. For suppose this is the case. As antichains in each
S¢,, (X;n) have size < 2 (because X, is a rooted poset of width < 2), we can apply
Theorem 1, obtaining that there exists k € N such that S, (X;,) has size < k for
every m € N, a contradiction with Claim 28.

Accordingly, we will prove that for every m € N chains in S, (X,,) have size

< k1 + kp. Suppose the contrary, with a view to contradiction. As S, (X,,) is a
downset of X,, by Proposition 26, there exist xi, ..., Xk +k+1 € Se,, (X;n) such
that

X1 < X2 <o < Xky4kp+1-

We will construct a family {y; : k1 < i < k1 + k2} of elements of X, — S, (Xp).
To this end, consider k1 < i < k; + k. Since k; is positive by assumption the
element x; exists. As x; < x;4+1 and x;1 is colorless relative to ¢, (because x;4+1 €
Se¢,, (X)) by assumption), we can apply Proposition 17, obtaining that x; has an
immediate successor y; such that y; || x;4+1. Observe that x1, ..., X, +1 < Xiy1,
whence || {yi, xi+1}| > k1. Therefore,

Xi < Vi, Xig1, Vi ll Xix1,  Xit1 € Se, (Xin), and [{{yi, xig1}] > k1.
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By the choice of k this implies y; ¢ S, (X,). Hence, {y; : k1 <i < ki + k) of
elements of X,, — S, (X;n).

Lastly, the choice of ky guarantees that |X,, — S¢,, (X;n)| < k2. As kj is positive
by assumption and

Wit ki <@ < ki +ka}| < [ X — Se, (Xm)| < k2,

there exist ky < i < j < k1 + k3 such that y; = y;. Consequently, x; < x; < y; =
Vi, a contradiction with x; < y;.

Hence, we conclude that for every k € N there exist my € Nand xg, yx, 2k € Xy,
with xx < Vi, zx and yg || zx such that yi, zx € Scmk (Xm) and k < |4 {yx, zx}|. As
Xy, 1s finite, we may further assume that

xr € max({v € X,,, : v has two immediate successors in Scmk (Xim))-

To complete the proof of (ii), it only remains to find some ¢ € N such that
[k, zk}| < t for every k € N. In view of Theorem 1, it will be enough to show
that the size of chains and antichains in the sequence of posets {1{y, zx} : k € N}
is bounded above by some nonnegative integer. As each X,,, is a rooted poset of
width < 2, this is clear for antichains. Therefore, it only remains to prove that there
exists € N such that chains in the posets {?{yk, zk} : k € N} have size < t.
Recall from Claim 29 that there exists * € N such that X, — Sc,, (Xm,) has size
< t* for every k € N. We let t := 2¢*. Suppose, with a view to contradiction,
that there exists k € N such that ${y, zx} has a chain of size > t = 2¢*. As
X, — Scmk (X, ) has size < t*, there exists a chain in Ska (Xm) N Mok, 2k} of
size > r*. Since Scmk (Xm,) is a downset by Proposition 26 and xx < yx, zk, there
exist vy, ..., Uty € Scmk (Xomp) "Mk, zx} such that xx < vy < -+ < vp4q. From
Vly.vo, Upip] € Scmk (Xim,) and the definition of Scmk (Xm,) it follows that each
v; has two immediate successors. Moreover, from the above display and x; < v; it
follows that one of the immediate successors of v;, call it w;, belongs to X, — Scmk .
As X, — Scmk (X, ) has size < t*, there exists | < i < j < t* 4+ 1 such that
w; = w;. Hence, v; < v; < w; = w;, a contradiction with v; < w;. O
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Author's Proof

AQI.
AQ2.

AQ3.

AUTHOR QUERIES
Please check and confirm the updated numbering of Theorems, Lemmas,
Propositions ............ etc. in throughout this chapter.
Please check and confirm the updated paragraph “To complete the
Proof......cccceevenene contradiction with v; < w;” is fine.
Please confirm the updated sentence “Therefore, it only remains to prove

that there exists............ contradiction with v; < w;” is fine.





